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Two Types of Fuzzy Implication Solutions of
Generalized Frege’s Equation

LIU Xiaxia, ZONG Hao, ZHANG Fengxia

(School of Mathematics Science, Liaocheng University, Liaocheng 252059, China)

Abstract As fuzzy implication serves as a generalization of classical (Boolean) implication, it is essential
to investigate the conditions which Boolean LLaw holds in fuzzy environment. In this setting, Boolean laws
will be examined as functional equations or inequalities, referred to as Boolean-like laws. Within the realm
of fuzzy mathematics—particularly in the framework of fuzzy logic—the generalized Frege’s law among
these Boolean-like laws has garnered significant attention and research interest in recent years due to its ap-
plications in fuzzy control systems and fuzzy relational equations. Building upon the foundational work by
Cruz, Peng, and Zhang et al. , this paper seeks to further investigate whether the generalized Frege’s e-
quation holds for two specific types of fuzzy implications: namely, the residual implications derived from
common uninorms and generated implications. Additionally, we aim to characterize the structure of those

implications that satisfy this equation. This study not only aims to enrich research on the generalized Fre-
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ge’s equation but also intends to expand operator selection options for related application domains.

Key words residual implications of uninorms; generated implications; generalized Frege’s equation

0 91+

ORI ] 2 — b i T ROR A2 0 )42 ) D 1% T RSORY A ASOR] S BRI I Ak A5 e L X 2 2 R GE AT
P BRI A S R G O AL R 2R R 46 AR ATIAT Y2 I I FH . RORA B RASOR s 5 14 %
O BOBI 2R TE H Pt 21 1 S HT L AR AN 5] 0 ROR 425 1) 2R 558 o AN 280000 7 5085 L AN ] 1) eR BSOT 7

ROR 2R AR S 22 M (A 750 ZRRRTE B2 DR [0, 1] B RHES™, BR 1 ZERBOR 5 il vh BAT 81 2E4E L ZEBORIOC
FRE AERLRE A AROR pfr 22 0 4510, PG A B RUECEE 2 B A 2 Ut A ) B A 1
ST R 2 00 B 8 SR AR e LU LA 7 T (1) B0 250300 A0 P i RS AR R AR O A 5 1 5 (2) R 2 1
AL TS 5 (3) MR ZE TR A AR B H I 01 0 5 () SR 2 00 A P TR 52 81120, Massanet % A5
T XA ¢ AR R Y — SO AR U RO 25 s Mas 48 AWFST T i &£ Modus Ponens
(MP) ,Modus Tollens (MT)af, MPT £ 8 B2 i ; Balasubramaniam %5 A\WFSY T 28054 716 ¢ B0 ¢ -
A A BC S 5 Qiao A ABIFFT T AR 25006 7 5 5 R ORI 53 2 pRAR 1 S e

PRI A B 25 R 1) 1 A 1 T R I T T X AR 28 38R P BT PO I SLUH 485 R X A e 307 A 8 SR ik T LA
X BB RIS S T AR Z2EF I H . L JLAE, Cruz 25 A3 T 7E# 6 R 45-UFRN 5K 4b B R 58
o T SO RS 5 R 2R B T R Y s [N, SCERL 18 125 1 1 (S ND-Z TR /2 ) SCHl A s Ty FE iy 72
OrARAE AR T RO R A S ¢ B U R-ZETR R Godel ZaTR . W R SR TAR 5 R RN (TP) P BT
1 QL-ZTiH » D-Z5 i W AT Weber Z51 , h -2 AN 2 ) I B s e

W » Peng S N 45 T T SCB TR RS 7 RIS 1 — B A AL BE %, B, ORI ZR IR 1) 1 R 785 58 AN 48
AR XA DB A At A 1 T SCHRLC L8 T A AE 27 T B B A R % SCHRC 18 1 A — e 2538 1E AT T8 IE s 45
T =28 W — A U (U ND-ZeR 2 ) IR B S T R FE o0 A A S B 56 s 48 1 T 250 g
230, T-power ZIA AN %R . Zhang 48 NP S —AWF98 TG U RAR TR0 (U ND -2, 51 A
TZIT RO R BB B B 58 N RS2 HAEIX ] [0y ] FREHEEC L 400 T (UL N2
R SO RS T AR — 418 [l 0 1) SR ERAR DT RERY (U ND-ZR i

B EWESE SR AT DL W R T Sl B RS T BRI T AN AR 2 AR SCRT X DL 1Y) — SO A 2 12
CZETA X T SR R AR A A TR I ) SO TR A 7 R AR 25 R O A5 R R AR X 8 T AR 2D
TR AR E RIS R I A AR OGN AU (it o 22 Y B 1 i R s )

1 Fa s

AATHIRATEAG ¢ AL, ¢ R BB ZTR TR R 28R — B S A L AR 18

SESCT P AR TR T (0,107 — [0, 1] W 2S5 A Pk B e, FLLL 1 37T BT )
x € [0,1] 8 T(x, 1) =z JJUFR T Ry =FMABEFFR ¢ HE,

A, AR IR S [0, 117 — [0, 1] W A bk A5G 1k M, HLL 0 S8 Te , RIS ARAT /Y
€ [0,1] .4 S(x,0) =z JJUFR S =R /PR ¢RI

HOLI ¢ AR ¢ ARSI

(1) Lukasiewicz ¢ #H1 ¢ -43#: T x (x»y) =max(z +y —1,0) » S;x(x»y) =min(x +y.1) ;

(2) Product t #EF0 ¢ -RHE, Tp(x,y) =2y, Splay) =x+y—xy ;

(3) Minimum ¢ #EF1 Maximum ¢ -8 Ty (x.y) =min(x,y). Sy (x.y) =max(x,y) ;

(4) Drastic Product r -#H1 Drastic Sum ¢ -3 ;



51 XUBLEL A5 SOOI TR A% T3 R F) IS SR 208 1o 149

Os('v )6[091)27 19('7 )6(091]27
T[)(Iyy): .l Y ~ S[)(Iyy): o
min(z,y), ¥,

max(x,y), ¥

EX 2P AR e B U (0,107 — [0, 1] W R 45 A0k sciiedk , T I HAFAE— A3 q
Joe € [0,1] BT AEEN > € [0,1] A U(xse) =x JJUFRU H—3#E,

FAR e =10, B U Jye #5: e =0 B, —BHEU Kt /I e € (0,1 B 02 —F0E
RU ., —BHEULE [0.e ] T e, 117 ATLAZRHIFIEERN ¢ 5 T RISl ¢ -RAE S FIRA
JeT(j,:) sx.y € [0,e],
Ulx,y) =+

[e—}—(l*e)S(x e,y*e> wxay € [e,1],

l—e 1—e
M,y €[0,e) X (e,1]U (e, 1] X[0,e) B, A min(a,y) <U(x,y) <max(x,y) ., HHFHEIW,IC
WER—FHEU HU=(T.e.S) . Ho T FS H5RIFRN—HEE U (IR ¢ FEFITEARE ¢ -8
SESC 3P AR ZeeR A 120,10 — [0,1] KT —AS e, & T4 A, H
1€0,0)=1,1(1,1)=1,1(1,0) =0,
WIFR T AR 260
EX AP IR —JCRE N (0,17 — [0, 1] By i N(0) =1 H N1 =0, MFR N 5o
.
SESCS P AR T RS20, L —TCRR N, - [0,1]—>[0,1] K: N, (2) =1 (x,0) ,Jkif, N, J&—
BRI B N O BOIZE0 T 1) AR .
ESL6 7 T RE 10,11 — [0, 1] ,ANSRAFAE ¢ A T (5 TG «,y € [0,1] .4
I(z,y)=supi{t € [0,1] | T(z.t) <y},
WIFR T Rt e B T AN BIARF T . B2 0UE, T E— M0, PR T MRIA 230 , fAIFK R -2, 10/
It
F Al Hh , AN RAFAE ¢ AL S XTI 2.y € [0,1] . H
I(x,y)=sup{t € [0,1] ]| S(z.t) <y},
WIFK T Ak e A S MBI T CE Is o BT 150,00 =0, LA ¢t - S MFIRETF s ARE—1A
BRI 26167
WIRAFE—BHE U A A o,y € [0.1] .6
I(x,y)=supi{t € [0,1] | Ulx,t) <y},
TFR T R —80E U AR AR 0/E 1 .
1, »<<y,

1 ®I::00,117—>[0,1] /2 BT TR L (xoy) = (x,y)= - HAY
Vs T >y,
17 l~<19
T:TM;IT(ny):IWB(.T’y): 1 %H{X%T:TDO
Yy X =1

MR 1 B U € U LT BRREAN .

(1) H—F0E U AR T S 200

2) a0, ,8UW,2) =0,

DU 2 L2 WL —BUS A e A 1 R 4 25008

EFE1Y BUew . HBETHELS 2= 4, U, ,U(x,0) EEELN,
(D R U D =0 B AFEAE ¢ LT Fle - S {fi15



150 ISR 2241 A AR RO

eT(ial)hZ'yy 6 [O,(fja
e e

Ulx.y) =

X —e

1—e

e+ (1—e)S( ey € L1

min(x,y), HE,
ICIX BN U, FLT A 25N

C'I'[(ial)vxvy 6 I:Ove:la
e e

IU(Iay>: X e y—e

1—e'1—e

TIop(xsy) , FOE,

X Iy R e B T AR RIARZA, T 2 e - S AR T,
(2) IR U, D =1 HMBALFAE ¢ BT e w4 S i

JeT(x,y),x,y € [0,e],
e e

6"‘(1*6)[5( )9Isy6|:€71:|7

Ulx.y) =

xr—e y—e

6)71"3/ E I:esl:la

et (=S

max(z,y), HE,
IO R —FHEN U, o PG 12— BRI R B A SRS LT .
EX T WP U € U AT PAJE G (T LL R R :[0,1] > [—o0,00] Tl A (0)=—00,
h(e)=0,h (1) =co, ffHEMEM 2.y € [0,1] . F
08 1,(x,y) € {(0,1),(1,0)},
R (h(x) +h(y)),(xsy) € [0,11°\{0,1), (1,0},
WIFR U R A FRoR—FB, b U BN ST 10X S — B, - TR ZT N
1, (z.y) € {0,0,0,D},
h ' (h(y)—h(x)), HE,
2™ WU eU, AN € (0.1 A Ipa,a) =e .
AV, ZX AR 2 € [0,1] A U sa) =2 AL WFRU N RE—SEE ) X I—Bl AL
A
EH 2 T OtRB U (0,11 — [0.17] . DUFHRR RS 1)
(DU RRF—2,

U(x,y)—{

IU(.Tay) —{

0, x € (g(0,1],
(2) TFlE— B g :[0.1]> 0.1+ g () =e il g () ={  ~ = % BB 1
1. =€ [0,g(1)),
z €[0.1]  Ainfly | g(y)=g(@)}) < g(g(x)) <suply | g(3y) =g @)} [HFEMEEN 2. yE[0.1],
Jmin(x )y < g(@)BE(y=g() Hx <<glg(x))),
U(x,y) =<max(x,y),y >g(x) BEH(y=g) Hx>g(g@))),
max(x,y) B#H min(z,y) .,y =g) Hx=g(gx)),
R g AU PIFE RS I X — R U, »
W2 a1 A, H U € U ERNFIRE T I, SEHIZEY HAUY g (00 =1, B, T30
AR A — S R AR PR g TR g (0) =1, %230 U BRI 420k N2
max(g(x),y), <y,
Iv(x,y)={
min(g(x),y)s x>y,

MR 3™ U € U RTE (0,17 FESi—308, W U 2 DL T AT 2 —Fhig i,



51 XUBLEL A5 SOOI TR A% T3 R F) IS SR 208 1o 151

(1) FEAEB € [0,e),a € [0.8] BIAIELER ¢ #E T 0 T LA — 0] FRm—HE R (75

aT/(i,l)»I,y € (O’a)’
a «a

a+(ﬁ_a)T/(I_a AL;Z)?I’y S ((19[8)9

p—a’p
U(.T’y>_ B+(17 _g ‘i) g),fny(Byl)a

1,min(x,y) € (a,1] H max(z,y) =1,
aﬁ%l (x,y) 6 {(0(,1),(1’&)}9

min(z,y), HE

iaﬁ%*ﬁ*ﬁﬁ‘j ums min o
@ 116 7 € (e010,0 € [y 1] PAELEY ¢« ARBES' RIS WLl derk—SUBER {7

'}/R(%a%)yl',y 6 (an)v

x—7Y y—
S—vy'6—

’}‘}:)7.193) € (7’8)7

U(f,y)*&_’_(lf 4 gi} g),I,yE(S 1)7

O,max(x,y) € [0,8)Hm1n(x,y)20,
5&%‘09(17_’)/) 6 {(075)9(890)}9

max(x,y), ¥,

RN U o
FHRLH , — S0 U BRI Z A P AT .
(3) MU € Uy in B, — B U T4 LG H

1’16[Oa,8]ﬂy>f9
aIT'(fa%)axe[Oaajﬂy<xa
B—a)p (2,29, Bl1H y <=z,

I[}(l',_y): a+ B “ v ﬁ a Bi Ie[a B] Y "

BHA—pI S B Y=y e @,

1B T 1P
a,x=1Hy>a,
ys;H\:l_E:v

AP T T I 2050000 o e A T 0T AR R AR 2 T L Kl T 2R — BUSE R A USRI A 20
(D) MU € Uy W — B U WRIRTEFIRRIRZR Y A 0 =1, HRIARZW K

71R<§,%>,<1~,y> € 0.7,

7y +(

. 1:;,1:7 ) € D! Hy =a,
Ly, y) = O,o € (v, Hy<x,
yo(x,y) € (0, 7] X[7,D,
L.y =18 x =0,
O0,y=0H x #0,
K I SR FOR—BE R A AR R 2R Ts 2 ¢ RS A UM RIRA T
SES 8 MR 1:[0,177 — [0, 1] JEAORI 20 , 5 A2




152 ISR 2241 A AR RO

I(x,ICy,2))=1U(x,y). I(x,2)), (D
RIS AR B BRI EIE .
A 4 U X SO R R TRA T
(1) RAES: ¢ 8T HE R -2 [ R TR SH Y [ (a,y) =1 (asy)
(2) B I EBORIZEA, Q2R T W6 2 R (D N RS,
(3) g ~ZHIMAW R T FECD
A 5 P s [0,1] > [0,00] SR M3 HAELSEA—TCRREL. S I DL s S I A T 1) 3% L2 B oK 1
s (max(0,5s(y) —s(x))),y # 1,
l,y=1,
2 ) SCIB AR R — SRR R AR R
AT ARG L WY — B, e — SO R TR AR 2 R i 2 T SR ER AR O AR O i R i R
) 2% 2R
2.1 U=(T,e,S) € Uy,
B3 WU=(T,e.S) € Uy » WER—BHEU BIERE 0 LT FIERE 0 AL S BSR4 U BIFIA
R Ty WD Y HACY T =Ty,S =Sy o M RIS I, 7T E£RH
yexsy €les 1] Hae <y,
Iy(x,y) =<e,x,y € [es1] Hx >y,
1(;u(x»y),,ﬁfl50
yex.y € [le, 1] Ha<<y,
iE B T=Ty,S=Su i, Is(x,y)=<e,x,y € [e,1] Hx >y, WL, EHETED,
Iop(xay)  HE
SO, M I, W RO T FER 2.y,2€[0se |, HTF Iy (xsy)E[0se |, [y(x,2)E[0,e ],
Iy (y.2)€[05e ], LA

t ’é‘%*ﬁalﬂu IS(Ivy) =

x Iy(y,2) x eIT(%’% x z
IU(IaIU(yaz)):eIT(*ebi)2617(797):(317‘(7917*(197>) °
e e e e e e e
I el (5,5
[y(xay) Ty(az) e e
%—ﬁﬁ’ Iu(IL;Cl‘ay)9](](1'92)):617‘( ¢ : Y ’ v j = ):KIT( Z ¢ s Z ¢ )

:elT(IT(iyl)vlT(£9£))o
e e e e

€IT(£9IT<l9£)) :€IT(IT(£91)7IT(£7£)) ’
e e e e e e e

B L oI (L S5 =1, o2 1,5 5y s qga =", 0=, v =5 Ul EstiEfk ol
e e e e e e e e e

e
I+ QIS =1+Tr A8, I+ QAs0)) A,0,0 € [0,1],
AP I sk AR R -4, a8l 4(DAL IR AR S HCE [ (o y) =1 (x.y) -
W1 T =Ty .
XFMAR xy.x € Les 1] HATE [p(xsy) €[es1], [p(as2) €Les 1], I[p(y,2) € [e,1] LA,
—e Iy(y,z) —e

IU(x,IU(y,z)):e+(1*6)IS(I ’ )
1—e 1—e
o eJr(l—e)IS()l):e,?:e)—e
—e+(1—e)ls(—5, )
1—e 1—e



51 XUBLEL A5 SOOI TR A% T3 R F) IS SR 208 1o 153

J— R < Lr—e S y_e = ¢
f€+(1 6)15(176915(1769178))9

Iy(x,y) —e Iy(x,2) —e

%—‘ﬁﬁv I[](IU(I7_’)/)7IU(172’)):€+(1*6)Is( 1—e ’ 1—e )
€+(1_6)Is(1:esy:e S 1:672:6)_6
—e+ (1 —e)sC e e —
1—e 1—e
. — e y X —e Z—e€
—eF U=l U3 1, (=255,
j‘j IU 75%57?*1(1),}5)?U\X¢?9fﬁ5’917y,26 I:eal:ls
o ‘lf_e y —e€e T —¢ _ —e y ‘.1'_6 Z—e
EﬁL(l 6‘)[5(176915(1769176)> €+(1 (:‘)I (I ( e’lfe) 15(1769176>)7
xr—e y—e z—e . xr—e y—e xr—e z—e . _x—e _y—e _
ED’IS(lie’IS(lie,1*6))715(15(1*671* S 176,17 ))o -[/Eu 1— s U I*e’w

i::,)ﬂujiiv%’ﬂﬁﬂﬂ Is(u,ls(v,w)):Is (Is(u,v),ls(u,w)) s UsTV W 6 [O,l:l ,EI]%’[ IU ?ﬁ&ﬁfﬁ%(l)

s Ts WD,
FHEEHIEH S =Sy o T ¢ - S EELEM LA S A =FIE0L. 205000 S=Sy 5 S BIESEHRK
5 RIS SR SR HOR A ¢ A T AR
(1) % S RIESBTEASE - AL BEs J2 S AT 2 viw 7 L <o <<w W s (w) <s(w) <
s(w) S HME 5. H
Isusls(v,w))=Igu,s "(max0,s(w) —s(0)))) =Tgu,s '(s(w) —s(v)))
=5 " (max(0,s s ' (s(w) —s5(v) —s(u)) D))
s (Gs(w) —s(v) —sw))ys(u) <<s(w) —s(ov),
" 0y5 ) = sw) — (o),
J3—J7 T .
IsUs(usv) s Is(usw))=I5( ' (max(0,s(v) —s(u)) ) s " (max0,s(w) —su))))
=G "G —s)) s T w) —sw)))
=5 "(max(0,s ' (s(w) —sW)))—sG () —sw)) D))
=5 '(s(w) —s5(v)),
K, TgCusIlsgCosw)) # IsUsCusv) s Ig(usw))
(2) £ S RiEBERHOKRAE ¢ A P DB, B, 24

Janr(enaa)Sa(xaa S ey () € [a, e, ]
Slx,y) = € T Ay €, A

max(x,y) . ¥

Jysal'<y’

A Is(rsy) =4a, + (e, —a >15< e Y ey iy € [aye, s S, RELERTHKE 40

—a, €, —d,
0.3
I 5, B S, BUMEAT 1T Lo B ITECD FTL % oyoz € [anre,] A
e I
% S, JRHESERTINI AL HRCOMA T S RAEEY. AN S —S,0
Zib, Ip WD YHEMNYE T=Ty.S=Sy .

=),
—d,



154 ISR 2241 A AR RO

2.2 Ue€u,
FH4 KU E U, N—F8 U BFIARZ [, AL,
E Y r=1.0<y<1l,2=0H,
Iy Iy (y e =1y, I5(y,00)=I,1h " h(0) —h(y)))=1,(1,00 =h " (h(0) —h (1)) =0,
M55 —J7 1 »
I Up(xay) Iy (a2 =1,y (1, ), I (1,000 =T, h ' (h(y) —h (1)) ,00=1,;(0,0) =1,
I, Ty Iy Cyaz)) A Ty (xsy) oIy (eaz)) o Iy AR TR,
2.3 U € Uym
EHES WU € U, MU BIFIARZEWE T, 2 DY HAY

U(I,y): max(f’y)’x,y € [691]’

P
o

min(x,y) . H
WE W IR TREOD =1, y=2=¢ . H

] e,g(l) =e,

Iy, Iy(y.2))=I1yA,I (e e))=1(1l,e) =min(g(1),e) =
g(1),g (1) <e,

e <<e W IyA.Iye,e)) =g D AR MKAL,

IoUy(1e), Iy(1,e))=1y(g(1),g(1)) =max(g(g(1)) ,g(1)) =g(g(1)),

PR g (1) <e JJITLh g (1) <e << g (gD i, Ty I(ya2)) # IpUy(asy) Ipla,2) X HEAH

FEFE A, g(1D =e o XK gle) =e JILIH g BRI e <2 <10, g(x) =e . HHEM

max(x,y),x,y € [e,1],

2R — H KR A RR M T L Uy — { B k. % Ulr.y) —

min(z.y), HE,
max(x.y).x,y € [e,1], " e | s oo
. NN HTJ" U 6 r('lmin ’E—;E\:%Eﬂj t 71;%*[]%6&{ t 7%*%%1’”j‘] TM iFnSM 7[5{3;5}%3 %[]7 IU
min(z,y), ¥,

WD,

max(x,y).x,y € [e,1],

o 1 WA S UG = | N
min(x,y), ¥,

2.4 UMW (0,1)" FiESM 5Bt
W6 WU € Ui W—BUE U MRIAZIE T, AR TR,
E AR 3OAAIB € [0.e].0<<e <<1.HTFR<B+U—PRe <<1.HB+U—Re<<x<<1.H
e @D WMy=2=B+0—PRe |l y,z € (B, 1), T,
Io oIy (yae) =TI Iy B+ (1 —Re S+ (1 —Re))
)IR(,B—F(II:,?e*B’B—l—(11:[;)@*3))
=Ilya,B+A—RIglese)) .

méﬁﬂﬂjﬁ\ 29 IR(.TLZ') —e 7[51(

Iu(x,IU(yyz)):IL,V(.I,B+(173)113(6’6)):1(,7(1'73_’_(17‘8)6)23—’—(176)1R(§7:§7€) °
%’lx,y,z 6 (‘871> Hrj‘yﬁ IU(‘r’y) 6 (18,1) ) IU(IaZ) 6 (1891) 9%%53(1)5@65@?‘7

5+<1—5>1R<%,e>—ﬁ 5+<1—5>1R<%,e>—ﬁ
IU(IU(Iy_’y)le(.T7Z)):‘8+(1_B)IR( 1_‘8 ) 1_‘8 )
:BﬁL(1_3)1;3(1}3(%?9@)91}?(%_“88,(3))

=R+ U—Pe,



51 XUBLEL A5 SOOI TR A% T3 R F) IS SR 208 1o 155

'fFXRIlr(lal(j(y’Z))*ID(I[ (.Z 7_)}) Iu(l 72)) 7)|_”J IR 7596)*6 9.j‘71RIEFhT%7J_‘ ﬁ*;-cRéE

FRITRIA N , 5 o 2 35— SO R (It B T B 0 (B (o) — gn—e , §>
— O KU b PR AT 2 =B+ (1 — Pe 5 2 > B+ (1— Be FI. mﬂ:, I, Mﬁﬁﬂfmo
W1 WU € Uy I 50BE U BRI T, R 2D
iE A 3O Hl Y € (e,1],0<<e <<1, MM iR 0<<zx <<ey <y, .HAltxr € (0,y) Wy=z=
v My € 0.y) . FEH 6 KAEBIFAL L T, R (D A 2y o= B AT (D B 5575
Bt T, AR (D),

3 ) SO RS T R 74 Rl L 3

Az BUZE TR A PR A BT KA ¢ IR ¢ AR I A B RN R AR A B 2R L SRR 18 4R R T
S 2R g BN )T SR TRAR TR . BEEBFSCIR A P 2 R T B 2 0 A A i, b R
ZEW . R ERLZEWR . (fog) A UZETRAN (0.2) AR RLZEWR BN T £ 2500, o - ZE TR Y 2B L2 X H T AR
26 T6R 1430 L, AR A FRATT 2 i — 2D R 5 B8 1 198 3K 50 14 £ JI 2R 2 A 2 ) SCIR AR R AR S R iy
TR 118 £ Jo8 28 TR i
3.1 h TR

SESCOV IR A 0,17 > [0, 1] J2—AN GBI 3L HfE 2 7 (0) =1 —JCREL AR h A h -
T OMERR 2.y € [0,1] 8 X Joe% I, :[0.1]° > [0,1] K

I, (xsy)=h"V@h(y)) ,

K JEh AA RV & r WA, BSEUE, I, E—ABOMIZE0  FATFRA -2 2, BXHMEE R
sy € [0,1], I, BT LAFRIRA I, (s y) =h ' (max(ah (y) s h (1))

EH 6 EXL 9 fibEZﬁ@ I, AR,

W B RO, £ a.y.x € (0,D L FKATH
I, ], (ys2)) =1, h " (max(yh () A (1)) ) =h ' (max(zh (h " (max(yh (), h(1)))) ,h(1)))

=h"" (max(max(xyh (z),2h (1)) A (1)) ) =h " (max(xyh (), A (1))

F3—J5
I, (xoy) oI, (xsz)) =1, (h " (max(xh (y),h (1)) ,h " (max(zh () A (1)) ))
=h""(max(h ' (max(xh (y),h (1)) ) max(xh (z),h (1)) ;A (1)))
=h"" (max(max(zh (z)h ™" (max(zh (y) A (1)) ) ,h (DA (max(zh (y) A (1)) )) LA (1))
=h"(max(xh (z)h " (max(xh(y) A (1)) ,h(1))),
HA I, W R, IrA A (max(eyh (2),h (1)) ) =h~ (max(xh (z)h ™ (max(xh (y),h (1)),
h (1)) LB 2yh (2) =xh (2)h ™ (max(xh (y) A (1))
HHNx,y,z € (0,1 LA, y=h " (max(xh(y),h (1)) , h(y)=max(xh(y),h(1)) , X5 h W™
AT G . FTRL, I, AR TR,
3.2k -ZERAH
SEXC10 T AR £ 2[0.1] > [0, 1] R — N At 2k B AL £ (1) =1 89— JLeRE0 XHMER A 20y
€ [0.1] EX okl [, :[0.11 > [0.1] .

I (xay) =k “(k(y)

)

K e 2k E‘Jﬁ]iﬁﬁ,ﬂﬁlﬁigz 1, (1) =00, BHRIUE. 1, Z—DEMWIZER PR b AR

ARE 7T Tk RN T, R IREE ST



156 ISR 2241 A AR RO

(D WER £C0) > 0084 I, FHAREE N, HELL R L) =084 I, MAKREKE N, NiELL,
(2) I, 7 g -2 HALE £ (0) =0,
AR 8 7 L 10 Y k A LR T, AR TR (D),
iE RS T, W ITRECD S AR 42O R T, B FARTRE Ny, AIEZE, la il 7CD RIS £(0) =0, 14
HIAi AL 7(2), 1, /2 g 200 AR 4(3), ¢ ZHIRATE R T BRI, T, AR,
3.3 (f,g) -TEHALH
SEXCIT R f:[0.1] > [0, 00] ARSI L B £ =0 i—JCRRBLAR /0 f 2
W, ik g:[0,1]—>[0.1] Z—isbs Hiff 2 g (0) =0, g(1) =1 —JCRE AR 2.y € [0,1]
FESLZICRREL T .y :[0,1 ] —>[0,1] R
Lo () =f (g f(y) ,
K f 2 AT HRE 0« 0=0, HGRIE, I, &—DEWIZ0H. RN () -ERZH .
EE T EX LR (feg) LR T, WRTTRE (D FHMER g > 0.6 g(y) =
gU(xsy)) JBl,g(y=g(f (@) F(y))) BT,
W Y1, WL AR I, BEXXSHERER 2,y.2 € [0,1] . F
Iipp ol gy (o) =f (g f(f gy fx))) =f " (glagyfz) ,
Lipoo T (xsy) s I (s =1 (g (F 1 (@) fy)) FF T (g f())))
=g (f @@ fON)gla)fz) ,
N T WRTEECD L £ (@@g)f) =" (g (@) fn)gla)fz)
g@gMf)=g(fF @@ fyN)glx)flz),
M o) > 00z € (0,1 . f(z) Z 0, I, g(y) =g (fF (gl f(y)) .
SodHk, SHEEN x.y.2 € [0,1] A
Iipp ol gy (e =f (g f(f gy fxN)) =f " (glagyfz) ,
Lijoy Tigopy (ray) sl (a2 = (g (fF T (@) fy)) fF (@) f(=))))
=@ @@ fyN)gla)fz)) ,
Mgl =00 I @Iy vz =1=1 ., T (sy)s Il (xsz))
MBo(x) >0l HEH g(y) =g (f ' (g@) f(y))) WL Tl
T @@gMfeN=Ff"(@(f @@ fON)gl@)fz) ,
BT Gl oz =1cpp T (ay) sl (az)) o Ly WRTTRE(D,
HR A 3 7, A AR B L 7 R (DB PIE (f,g) B T
#i 2 B f:00.1]>[0,0 ] AT g:[0,1]>[0, 11— Db HiF L g (0)=0,g (=1,
g () € {0, 1} AY—JCrR %G M (s g )-HE UZRTA 1, TR TTRE(D)
w3 RS S a=suple € [0.1] ] g(@) =0} I o« WAFRBAE. 0] IAEBIARIL (f.g) 4

J wx € [0.a),
WM I (oay) =218 vy =a, HH g(a)=00.1, (asy)=1;8()=10.1;,(asy)=y., H
yex € (a,1],
IR 2. X FEAT g L R (D .
0,x =0,
#ie 3 & f:L0.1] > [0.00] K f BT, B E 0D, ga) =2p,x € (0.1, W (f,g) - RETH
l,x=1,

19f209
(/ )(I,y)_jf LB (y)) s € (0,1, WETFED,
ysI:1’



51 XUBLEL A5 SOOI TR A% T3 R F) IS SR 208 1o 157

3.4 (0,t)-"ERELIR

EX 127 AR 6.[0.1]—[0.1] 2— kb8 Hi 2 0D =1 i9—J0k% ¢:[0.1]—>[0,00] J&
— AT L R ¢ (1) =0 B —TCRREL, W (0 =017 ) —0(0) JFK (0.0) H (0.0) T, WEE
i x.y € [0.1] B X ICRE T, :[0.1]7 > [0.1] K

Lo (xsy)=0"" (minG(x)+0(y),1)) ,

A @0 & G0 T, 077 &0 thiti . BHBAE, [, R—MEZ0H, PR (0.0) AR 2.

MR T 0.0 ERZEW 1., » FIREEEHGT

(D N, S HACY —TCPRAL ¢ fEE 2

09 :19
YN, =T TSN (1) =000 —6000) .
N2 1Hb’

R 10 X TE 12 R (0.0 SERZEE 1, » FIRSSIEGL
(1) W 1., WRIFED JRL—TCREL SERIELEN .
(2) M1 =00 ) —00) B, T, WRFTFD,
HE (D W T, WREFRD A A A, Ny SR AL, R A9 (1) " H, —ICREL
t ALY
0,0 =1

Vo
YN ta’

2) % (1) =017 —0C0) B, il 9 (2) AHL N, = " T AR 1o = s o

B GRIE , WEITRECD)
4 BEHER

RS X — SRR T A% 25 oA 1 5 DL A P I, S 1) SR TR M T A s 22 T i R U TR —
BRI AR ZR I 5 — BRI R 2 A S (f v AR ORI $R 1 Tl LT SO B A O TR ) — B R 4
WL PIE (f 5 ) LEMZRRA—A (0.0) AR Ty - TR —BUEL (0, 1D)° B IEZ 00— B R 26
LA K b - T s e AR IR AN 2O R, LA B St R T SO A T R T SRR
SO EAR DT AR SE PR B AR B T B . TR AR ST R AR — BB QL - D-Z i, AR EE ST
J SIS D BB 2 [T KX Cruz 48 N H T ORI 42 1 32 46 b i) UFRN {5 /K Ab 28 5 St 6 5
AT RSN 2530 31 AT HU AR I

%z % X Wk

(1] 24, ol Wit , 25, S5 6 RO A DR BE it Al 2 ) S T4 i S L . i HSE AL ST, 2024, 41(01): 165-169.

(2] B&fH. %0, xidss, 25 JETFM IR sh e AN PID WATHHI SR E (1], PRl K 2i 4R CH AR BRI , 2024, 43
(08): 124-132.

(3] ¥de, TRHm, Dok, 5. 5 B T i o il 28 O A s AR I L) ], KRR (A RFHERRD » 2024, 44(04): 161-
174.

[4] JAYARAN B, MESIAR R. I-fuzzy equivalence relations and I-fuzzy partitions[ ] ]. Information Sciences, 2009, 179. 1278-1297.

[5] BAOYL, YANG H L, SHE Y H. Using one axiom to characterize I.-fuzzy rough approximation operators based on residuated lattices
[J]. Fuzzy Sets and Systems, 2018, 336: 87-115.

[6] VALLE ME, SUSSNER P. A general framework for fuzzy morphological associative memories[ ] ]. Fuzzy Sets and Systems, 2007, 159
(7). T47-768.

[7] KERRE E E, NACHTEGAEL M. Fuzzy Techniques in Image Processing[ M. Springer-Verlag, Berlin, 2000.

[8] POTA M, ESPOSITO M, PIETRO G D. Likelihood-fuzzy analysis: from data through statistics, to interpretable fuzzy classifiers[J].
International Journal of Approximate Reasoning. 2018, 93. 88-102.

[9] ALSINA C, TRILLAS E. When (S, N)-implications are (T, T,)-conditional functions? [J]. Fuzzy Sets and Systems, 2003, 134(2):
305-310.



158 ISR 2241 A AR RO

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]
[23]
[24]

[26]

[27]

[28]

[29]

BACZYNSKI M, GRZEGORZEWSKI P, MESIAR R, et al. Fuzzy implications based on semicopulas[J]. Fuzzy Sets and Systems,
2016, 323: 138-151.

MANDAL S, JAYARAM B. SISO fuzzy relational inference systems based on fuzzy implications are universal approximators[J]. Fuzzy
Sets and Systems, 2015, 277 1-21.

BACZYSKI M, DREWNIAK J, SOBREA J. Semigroups of fuzzy implications[ ] ]. Tatra Mountains Mathematical Publications, 2001,
21: 61-71.

DREWNIAK J. Invariant fuzzy implications[J]. Soft Computing, 2006, 10(10): 506-513.

MASSANET S, RUIZ-AGUILERA D R, TORRENA ]. Characterization of a class of fuzzy implication functions satisfying the law of
importation with respect to a fixed uninorm-part 1. [J]. IEEE Transactions on Fuzzy Systems, 2018, 26(4): 1983-1994.

MAS M, MONSERRST M, TORRENS J. Modus ponens and modus tollens in discrete implications[J]. International Journal of Approx-
imate Reasoning, 2008, 49(2). 422-435.

BALASUBRAMANIAM J, RAO M J C. On the distributivity of implication operators over T and S norms[]]. IEEE Transactions on
Fuzzy Systems, 2004, 12(2): 194-198.

QIAO ] S, HU B Q. On the distributive laws of fuzzy implication functions over additively generated overlap and grouping functions[ ] .
IEEE Transactions on Fuzzy Systems 2018, 26(4) . 2421-2433.

CRUZ A, BEDREGAL B C, SANTIAGO R H N. On the characterizations of fuzzy implications satisfying 1(x. 1(y, z)) =1(I(x. y).I
(xs z)) [J]. International Journal of Approximate Reasoning, 2018, 93: 261-276.

PENG Z M, PENG C. New results of fuzzy implications satisfying I(x, 1(y, 2))=I1(I(x, y),I(x, z))[J]. International Journal of Ap-
proximate Reasoning, 2020, 124 82-102.

ZHANG C, QIN F. New results of (U, N)-implications satisfying 1(r, I(s, 1)) = I(I(r, s), I(r, ))[J]. International Journal of Ap-
proximate Reasoning, 2024, 169: 109-163.

KLEMENT E P. MESIAR R, PAP E. Triangular Norms[M]. Dordrecht, The Netherlands: Springer. 2000.

BACZYSKI M. BALASUBRAMANIAM J. Fuzzy Implications] M]. Berlin: Springer, 2008.

HU S K. LI ZF. The structure of continuous uninorms[ J]. Fuzzy Sets and Systems, 2001, 124(1): 43-52.

RUIZ-AGUILERA D, TORRENS J. S and R-implications from uninorms continuous in (0,1)% and their distributivity over uninorms
[J]. Fuzzy Sets and Systems., 2009, 160(6) . 832-852.

MAS M, MONSERRST M, TORRENS J. A characterization of (U, N)-, RU-, QL- and D-implications derived from uninorms satisfy-
ing the law of importation[ J]. Fuzzy Sets and Systems, 2010, 161(10): 1369-1387.

BALASUBRAMANIAM J. Yager’s new class of implications J; and some classical tautologies[J]. Information Sciences, 2006, 177(3):
930-946.

ZHOU H J. Characterizations of fuzzy implications generated by continuous multiplicative generators of T-norms[J]. IEEE Transactions
on Fuzzy Systems, 2020, 29: 2988-3002.

XIE A F, LIU HW. A generalization of Yager’s f-generated implications[ J]. International Journal of Approximate Reasoning. 2013, 54
(1): 35-46.

ZHOU H J. Characterizations and applications of fuzzy implications generated by a pair of generators of T-norms and the usual addition of

real numbers[ ] ]. IEEE Transactions on Fuzzy Systems, 2022, 30: 1952-1966.

(TTAT G4 X PRAR)



