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Abstract　Thepaperfocusesonthestabilityandoscillationofnumericalsolutionsforakindof
functionaldifferentialequations．Firstly,theconditionsofnumericalstabilityandoscillationare
obtainedbyusingtheθＧmethods．Secondly,westudiedthepreservationbehaviorofnumerical
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０　Introduction

Asaspecialkindoffunctionaldifferentialequations,thedifferentialequationwithpiecewisecontinuＧ
ousarguments(DEPCA)hasarousedlotsofattention．VariouspropertiesofDEPCAhavebeeninvestigaＧ
teddeeply．Suchasconvergence[１６],stability[４,１１],oscillation[２],periodicity[１],bifurcation[３]andasymptotic
behavior[５],etc．However,allpapersmentionedabovedealwiththepropertiesofanalyticsolutionofDEPＧ
CA．Nowadays,itisworthnotingthatnumericalanalysisofDEPCAbeofparticularinterestformanysciＧ
entists．Someimportantpropertiessuchasnumericalstability[８],numericaloscillation[６,７]andnumerical
dissipativity[１５]wereinvestigated．Inrecenttwopapers[９,１７],theauthorsdiscussednumericalapproximaＧ
tionofDEPCAinstochasticandimpulsivecase,respectively．InthecaseofPDE,someourcontribuＧ
tions[１２,１３]maybenoted．Differentfromabovecases,inthepresentwork,weshallstudybothnumericalstaＧ
bilityandoscillationforamorecomplicatedDEPCAwithscalarcoefficients,andgetsomenewresults．

InthispaperweconsiderthefollowingDEPCA

u′(t)＝au(t)＋bu([t])＋cu(２[t＋１
２

]),u(０)＝u０ , (１)

herea,b,careallrealcoefficientsandu０isinitialcondition,[]denotesthegreatestintegerfunction．In

particularly,whenc＝０,theequationinEq．(１)becomesu′(t)＝au(t)＋bu([t]),whichisexactlythecase
of[８]．Ifb＝０,theequationinEq．(１)becomesu′(t)＝au(t)＋cu(２[(t＋１)/２]),whichisexactlythecase
of[１０]．Thus,theresultsinthispaperarethegeneralizationofcorrespondingonesin[８]and[１０]．Thefollowing
resultsfortheanalyticalstabilityandoscillationofEq．(１)willbeusefulfortheupcominganalysis．
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　　Theorem１[１４]　TheanalyticsolutionofEq．(１)isasymptoticallystableforanyinitialvalue,ifoneof
thefollowingcasesistrue

(a＋b＋c)(ea －１)((a＋b－c)ea －(b－a－c))＜０,
(a＋b＋c)(ea －１)((a＋b＋c)ea －(b－a＋c))＜０,{ c≠a/(ea －１), a≠０ (２)

and
(b＋c)(b＋２)(b２＋bc＋２b＋２)＜０,c≠１, a＝０． (３)

Theorem２[１４]Assumethata≠０,thenEq．(１)isoscillatoryifandonlyifoneofthefollowingcondiＧ
tionsistrue

b＞－ aea

ea －１
,c＞ a

ea －１
,

b＜－ aea

ea －１
,c＜ a

ea －１
,

b＋c＜－ aea

ea －１．

ì

î

í

ï
ï
ïï

ï
ï
ï

b＋c＞－ aea

ea －１
, (４)

１　Thediscretescheme
Seth＝１/m (m ≥１)bestepsize,weconsiderthelinearθＧmethodtoEq．(１)

un＋１ ＝un ＋h(θ(aun＋１＋buh([(n＋１)h])＋cuh(２[(n＋１)
２

]))

＋(１－θ)(aun ＋buh([nh])＋cuh(２[nh＋１
２

]))) (５)

andtheoneＧlegθＧmethodtoEq．(１)

un＋１ ＝un ＋h(a(θun＋１＋(１－θ)un)＋buh([(n＋θ)h])＋cuh(２[(n＋θ)h＋１
２

])), (６)

hereθ∈ [０,１],un ,uh([nh])anduh(２[(nh＋１)/２])denoteapproximationstou(t),u([t])andu(２[(t＋
１)/２])attn ,respectively．

Letn＝km＋l(l＝０,１,,m－１),wedefineuh(tn＋ηh)asukm ,uh(２[(tn＋ηh＋１)/２])asu２kmaccordＧ
ingto[８,１０],where０≤η≤１．ThusEqs．(５)and(６)canbereducedtothesamerecurrencerelation

ukm＋l＋１ ＝
αukm＋l＋γ１ukm,kiseven,
αukm＋l＋βukm ＋γ２u(k＋１)m,kisodd,{ (７)

whereα＝１＋ ha
１－θha

,β＝ hb
１－θha

,γ１ ＝h(b＋c)
１－θha

,γ２ ＝ hc
１－θha．

ItiseasilyseenthatEq．(７)isequivalenttothefollowingtwocases
(１)Ifa≠０,

ukm＋l＋１ ＝
(αl＋１＋b＋c

a
(αl＋１－１))ukm,kiseven,

(αl＋１＋b
a

(αl＋１－１))ukm ＋c
a

(αl＋１－１)u(k＋１)m,kisodd,

ì

î

í

ï
ï

ïï

(８)

un ＝
(αl＋b＋c

a
(αl－１))ukm,kiseven,

(αl＋b
a

(αl－１))ukm ＋c
a

(αl－１)u(k＋１)m,kisodd．

ì

î

í

ï
ï

ïï

(９)

(２)Ifa＝０,

ukm＋l＋１ ＝
(１＋h(l＋１)(b＋c))ukm,kiseven,
(１＋h(l＋１)b)ukm ＋h(l＋１)cu(k＋１)m,kisodd,{ (１０)

un ＝
(１＋hl(b＋c))ukm,kiseven,
(１＋hlb)ukm ＋hlcu(k＋１)m,kisodd．{ (１１)

Theorem３　Assumethatλ≠０,thenEq．(１)hasthenumericalsolution

un ＝ ((αm ＋b＋c
a

(αm －１)){ αl＋１
a

(αl－１)(bαm ＋b＋c
a

(bαm －b)＋λc))λj－１u０,n＝(２j－１)m＋l,j＝１,２,,

(αl＋b＋c
a

(αl－１))λju０,n＝２jm＋l,j＝０,１,２, (１２)
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fora≠０,wherel＝０,１,２,,m－１and

λ＝
(αm ＋b(αm －１)/a)(αm ＋(b＋c)(αm －１)/a)

１－c(αm －１)/a
and

un ＝
((b２＋bc＋b＋λc)hl＋b＋c＋１)λj－１u０,n＝ (２j－１)m＋l,j＝１,２,,
((b＋c)hl＋１)λju０,n＝２jm＋l,j＝０,１,２,{ (１３)

fora＝０,wherel＝０,１,２,,m－１andλ＝ (b＋１)(b＋c＋１)/(１－c)．
Proof　AssumethatunisasolutionofEq．(７)withconditionsu２jm ＝d２jandu(２j－１)m ＝d２j－１ ．Itfollows

from (９)that

un ＝
(αl＋b

a
(αl－１))u(２j－１)m ＋c

a
(αl－１)u２jm,n＝ (２j－１)m＋１,j＝１,２,,

(αl＋b＋c
a

(αl－１))u２jm,n＝２jm＋l,j＝０,１,２,．

ì

î

í

ï
ï

ï
ï

(１４)

From (１４)and(８)withl＝m－１wehave

(１－c
a

(αm －１))u２jm ＝ (αm ＋b
a

(αm －１))u(２j－１)m,j＝１,２,,

u(２j＋１)m ＝ (αm ＋b＋c
a

(αm －１))u２jm,j＝０,１,２,,

whichimpliesthat

d２j ＝αm ＋b(αm －１)/a
１－c(αm －１)/ad２j－１,j＝１,２,,

d２j＋１ ＝ (αm ＋b＋c
a

(αm －１))d２j,j＝０,１,２,,
(１５)

hence

d２j＋１ ＝
(αm ＋b(αm －１)/a)(αm ＋(b＋c)(αm －１)/a)

１－c(αm －１)/a d２j－１ ＝λd２j－１ ,

thenifa≠０andλ≠０weget(１２)．Formula(１３)canbeobtainedinthesameway．Theproofiscomplete．

２　Stabilityandoscillationofnumericalsolution
Lemma１　un →０asn→ ¥　ifandonlyif|λ|＜１,whereλisdefinedinTheorem３．
Theorem４　ThenumericalsolutionofEq．(１)isasymptoticallystableforu０,ifoneofthefollowing

casesistrue
(a＋b＋c)(αm －１)((a＋b－c)αm －(b－a－c))＜０,
(a＋b＋c)(αm －１)((a＋b＋c)αm －(b－a＋c))＜０,

c≠a/(αm －１){ ,a≠０ (１６)

and
(b＋c)(b＋２)(b２＋bc＋２b＋２)＜０,c≠１, a＝０． (１７)

Proof　AccordingtoLemma１andTheorem３weknowthatthenumericalsolutionofEq．(１)isasＧ
ymptoticallystableifandonlyif

(αm ＋b(αm －１)/a)(αm ＋(b＋c)(αm －１)/a)
１－c(αm －１)/a ＜１ (１８)

fora≠０and
(b＋１)(b＋c＋１)

１－c ＜１ (１９)

fora＝０．
Ifa≠０,from (１８)wehavethefollowingtwoinequalitieshold

αm ＋b(αm －１)/a
１－c(αm －１)/a ＜１,αm ＋b＋c

a
(αm －１)＜１,
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whichareequivalentto

(
αm ＋b

a
(αm －１)

１－c
a

(αm －１)
＋１)(

αm ＋b
a

(αm －１)

１－c
a

(αm －１)
－１)＜０,

(αm ＋b＋c
a

(αm －１)＋１)(αm ＋b＋c
a

(αm －１)－１)＜０,

ì

î

í

ï
ï
ïï

ï
ï
ï

sowecanget(１６)．Ifa＝０,similartothecaseofa≠０,wecanget(１７)from (１９)．
FromTheorem３wehavethefollowingcorollary．
Corollary１　Assumethata≠０then

un ＝
(αl＋b

a
(αl－１))d２j－１＋c

a
(αl－１)d２j,n＝ (２j－１)m＋l,j＝１,２,,

(αl＋b＋c
a

(αl－１))d２j,n＝２jm＋l,j＝０,１,２,,

ì

î

í

ï
ï

ï
ï

wheredj ＝ujmandsatisfies(１５)．
Itiseasytocheckthatthefollowingtwolemmasarehold．
Lemma２　Sequenceul ＝－aαl/(αl－１)isstrictlymonotonicincreasingforl＝０,１,,manda≠０．

Lemma３　Assumethatb＋c＞－aαm/(αm－１)holds,thenb＋c＞－aαl/(αl－１)holdsforl＝０,１,,

m－１impliesthatαl＋(b＋c)(αl－１)/a＞０．
Theorem５　Assumethata≠０,thenEq．(７)isoscillatoryifandonlyifanyofthefollowingcondiＧ

tionsissatisfied

b＞－ aαm

αm －１
,c＞ a

αm －１
,

b＜－ aαm

αm －１
,c＜ a

αm －１
,b＋c＞－ aαm

αm －１
,

b＋c＜－ aαm

αm －１．

ì

î

í

ï
ï
ïï

ï
ï
ïï

(２０)

Proof　Sufficiency．Itfollowsfrom (１９)thatthesequence dj{ }oscillatesunderanyofthecondition
(２０)．Sinceujm ＝djforj＝０,１,,sounalsooscillates．

Necessity．Weassumethatanyofthefollowinghypothesesissatisfied

b＜－ aαm

αm －１
,c＞ a

αm －１
,b＋c＞－ aαm

αm －１
,

b＞－ aαm

αm －１
,c＜ a

αm －１
,b＋c＞－ aαm

αm －１．

ì

î

í

ï
ï

ï
ï

(２１)

LetunbethesolutionofEq．(７),thenfrom (１５)and(２１)wehavedj ＞０forj＝０,１,２,．ByCorolＧ
lary１,Lemmas２and３weget

(１)Forn＝２jm＋landj＝０,１,２,

un ＝ (αl＋b＋c
a

(αl－１))d２j ＞０．

(２)Forn＝ (２j－１)m＋landj＝１,２,

un ＝αld２j－１＋１
a

(αl－１)(bd２j－１＋cd２j)＝ (d２j－１＋b
ad２j－１＋c

ad２j)αl－b
ad２j－１－c

ad２j．

Soweknowthatunisamonotonoussequenceforn＝ (２j－１)m＋l．Ontheotherhand,u(２j－１)m＋m ＝
d２jatl＝m ,sounhastheminimumvalued２jord２j－１forn＝ (２j－１)m＋l,namely

un ≥ min{d２j－１,d２j}＞０．
Combining(i)with(ii),weobtainun ＞０forn＝km＋l．ThiscontradictstheassumptionthatunoscilＧ

lates．Theproofiscomplete．
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３　Preservationofstability
Definition１　Thesetofalltriples(a,b,c)whichsatisfythecondition(２)iscalledanasymptotical

stabilityregiondenotedbyH．
FollowedbyDefinition１,thenumericalasymptoticalstabilityregioncanbedenotedbyS．
Lemma４[１８]　Letφ(x)＝１/x－１/(ex－１),thenφ(x)isadecreasingfunctionandφ(－¥)＝１,φ(０)

＝１/２andφ(＋ ¥)＝０．
Lemma５[１８]　Forallm ＞ a ,
(１＋a/(m－θa))m ≥eaifandonlyif１/２≤θ≤１fora＞０,φ(－１)≤θ≤１fora＜０;
(１＋a/(m－θa))m ≤eaifandonlyif０≤θ≤１/２fora＜０,０≤θ≤φ(１)fora＞０,

whereφ(x)＝１/x－１/(ex －１)．
Lemma６　Forallm ＞M ,
(１)(１＋a/(m－θa))m ≥eaifandonlyif１/２≤θ≤１fora＞０,φ(a/M)≤θ≤１fora＜０;
(２)(１＋a/(m－θa))m ≤eaifandonlyif０≤θ≤１/２fora＜０,０≤θ≤φ(a/M)fora＞０,

whereφ(x)＝１/x－１/(ex －１)．
Proof　(i)From(１＋a/(m－θa))m ≥eawehaveθ≥m/a－１/(ea/m－１)．Soforallm＞M ,inviewof

Lemma４weobtain１/２≤θ≤１fora＞０,φ(a/M)≤θ≤１fora＜０．Thecaseof(ii)canbeprovedin
thesameway．

Lemma７　Assumethatinequalityp＜ea ＜qholdsforalla≠０,theninequalityp＜αm ＜qalsoholds
ifanyofthefollowingconditionsissatisfied:

(１)１/２≤θ≤１or０≤θ≤φ(１)form ≥Manda＞０;
(２)φ(－１)≤θ≤１or０≤θ≤１/２form ≥Manda＜０,

whereφ(x)＝１/x－１/(ex －１)．
Proof　Foralla≠０,thereexistsaM０ ＞０,whenm＞M０ ,therangeofαmhasthefollowingtwocases

ea ≤αm ＜qandp＜αm ≤ea ．
Letε＝ min{q－ea,ea －p},ifea ≤αm ＜q,thereis

M∗
１ ＝inf{m:mln(１＋１/(m/a－θ))＜ln(ea ＋ε)}＋１,

suchthatαm－em ＜ε,whichimpliesthatαm ＜qwheneverm≥M∗
１ ．LetM１ ＝max{|a|,M∗

１ },thenforall
m ≥M１ ,fromLemma６weobtainthattheInequalityea ≤αm ＜qholdsundertheconditions１/２≤θ≤１
fora＞０andφ(－１)≤θ≤１fora＜０．

Ifp＜αm ≤ea ,thereisM∗
２ ＝inf{m:(１＋１/(m/a－θ))m ＞ea－ε}＋１suchthatαm －eα ＞－ε,which

impliesthatαm ＞pwheneverm ≥M∗
２ ．

LetM２ ＝ max{|a|,M∗
２ },thenforallm ≥M２ ,fromLemma６wehavethattheInequalityp＜αm ≤

eaholdsundertheconditions０≤θ≤１/２fora＜０and０≤θ≤φ(１)fora＞０．SetM ＝ max{M１,M２},
thentheproofiscomplete．

WewillinvestigatewhichconditionleadstoH ⊆S．Forconvenience,wedividetheregionHintofive
parts

H０ ＝ {(０,b,c)∈ H:a＝０},H１ ＝ {(a,b,c)∈ H\H０:a＞０,(a＋b＋c)(a＋b－c)＞０},

H２ ＝ {(a,b,c)∈ H\H０:a＞０,(a＋b＋c)(a＋b－c)＜０},H３ ＝
(a,b,c)∈ H\H０:a＜０,
(a＋b＋c)(a＋b－c)＞０{ },

H４ ＝ {(a,b,c)∈ H\H０:a＜０,(a＋b＋c)(a＋b－c)＜０}．
Inthesimilarway,wedenote
S０ ＝ {(０,b,c)∈S:a＝０},S１ ＝ {(a,b,c)∈S\S０:a＞０,(a＋b＋c)(a＋b－c)＞０},

S２ ＝ {(a,b,c)∈S\S０:a＞０,(a＋b＋c)(a＋b－c)＜０},S３ ＝
(a,b,c)∈S\S０:a＜０,
(a＋b＋c)(a＋b－c)＞０{ },

S４ ＝ {(a,b,c)∈S\S０:a＜０,(a＋b＋c)(a＋b－c)＜０}．
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ItiseasytoseethatH ＝∪４
i＝０Hi ,S＝∪４

i＝０Siand
Hi ∩ Hj ＝ ∅,Si ∩Sj ＝ ∅,Hi ∩Sj ＝ ∅,i≠j,i,j＝０,１,２,３,４．

Therefore,wecanconcludethatH ⊆SisequivalenttoHi ⊆Si,i＝０,１,２,３,４．
Ifa＞０,(２)becomes

(a＋b＋c)((b－c－a)－(a＋b＋c)ea)＞０,
(a＋b＋c)((b＋c－a)－(a＋b＋c)ea)＞０．{ (２２)

(１６)yields
(a＋b＋c)((b－c－a)－(a＋b＋c)αm)＞０,
(a＋b＋c)((b＋c－a)－(a＋b＋c)αm)＞０．{ (２３)

Ifa＜０,(２)turnsinto
(a＋b＋c)((a＋b－c)ea －(b－c－a))＞０,
(a＋b＋c)((a＋b＋c)ea －(b＋c－a))＞０．{ (２４)

(１６)gives
(a＋b＋c)((a＋b－c)αm －(b－c－a))＞０,
(a＋b＋c)((a＋b＋c)αm －(b＋c－a))＞０．{ (２５)

Theorem６　Thestabilityregionshavethefollowingfiverelationships
H０ ⊆S０ifandonlyif０≤θ≤１;H１ ⊆S１ifandonlyif０≤θ≤φ(１);H２ ⊆S２if１/２≤θ≤１or０

≤θ≤φ(１);H３ ⊆S３ifandonlyifφ(－１)≤θ≤１;H４ ⊆S４ifφ(－１)≤θ≤１or０≤θ≤１/２,where

φ(x)＝１/x－１/(ex －１)．
Proof　(i)Noticingthat(３)and(１７)arethesameinform,soH０ ⊆S０holdsforallθwith０≤θ≤１．
(ii)BythenotationofH１andS１,(２２)yields

ea ＜b－c－a
b－c＋a

,ea ＜b＋c－a
b＋c＋a．

(２３)canbechangedinto

αm ＜b－c－a
b－c＋a

,αm ＜b＋c－a
b＋c＋a．

Therefore,H１ ⊆S１ifandonlyifαm ≤ea ,sobyLemma５wehaveH１ ⊆S１ifandonlyif０≤θ≤φ(１)．
(iii)BythenotationofH２andS２ ,(２２)becomes

b－c－a
b－c＋a＜ea ＜b＋c－a

b＋c＋a．

(２３)gives
b－c－a
b－c＋a＜αm ＜b＋c－a

b＋c＋a．

Letp＝b－c－a
b－c＋a

,q＝b＋c－a
b＋c＋a

,thenbyLemma７wehaveH２ ⊆S２if１/２≤θ≤１or０≤θ≤φ(１)．

(iv)and(v)canbeprovedinthesimilarway．

４　Preservationofoscillation
Definition２　WecalltheθＧmethodspreserveoscillationofEq．(１)ifEq．(１)oscillates,whichimplies

thatthereisanh０suchthatEq．(７)oscillatesforh＜h０ ．
Bysomeeasyinductionswehavethenextlemma．
Lemma８　Forallm ＞ a andθ∈ ０,１[ ] ,
(１)－a－１＜－aαm/(αm －１)＜－aand０＜a/(αm －１)＜１fora＞０;
(２)－１＜－aαm/(αm －１)＜０and－a＜a/(αm －１)＜－a＋１fora＜０．
ThefollowinglemmacanbenaturallyobtainedfromTheorem２．
Lemma９　Eq．(１)isoscillatoryifanyofthefollowingconditionsissatisfied
(１)b＋c＜－aea/(ea －１),b≥－aandc＞a/(ea －１)fora＞０;
(２)b＋c＜－aea/(ea －１),b≥０andc＞a/(ea －１)for－ln２≤a＜０;
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(３)b＋c＜－aea/(ea－１),b≥０andc＞a/(ea－１),b＋c＞０,b＜－aea/(ea－１)andc≤－afor
a＜－ln２．

ByTheorem５,Lemmas８and９thefollowingcorollaryisobtained．
Corollary２　Forallm ＞ a ,undertheconditionofLemma９,if

－ aea

ea －１≤－ aαm

αm －１or a
ea －１≥ a

αm －１
holds,thenthenumericalsolutionsinheritoscillationoftheanalyticsolutionsofEq．(１)．

Sowehavethefirstresultforpreservationofoscillation．
Theorem７　ThenumericalsolutionsinheritoscillationoftheanalyticsolutionsofEq．(１)ifoneofthe

followingconditionsholds
(１)１/２≤θ≤１fora＞０;
(２)０≤θ≤１/２fora＜０．
Proof　FromCorollary２weobtainthatthenumericalsolutionsinheritoscillationoftheanalyticsoluＧ

tionsofEq．(１)ifαm ≥eafora＞０andαm ≤eafora＜０．ThenbyLemma５theproofisfinished．
Furthermore,fromTheorem２wecaneasilyobtainthefollowinglemma．
Lemma１０　Eq．(１)isoscillatoryifanyofthefollowingconditionsissatisfied
(１)b＋c＜－a－１,b＞－aea/(ea －１)andc≥１fora＞a１ ;
(２)b＋c＜－a－１,b＞－aea/(ea－１)andc≥１,b＋c＞－aea/(ea－１),b≤－a－１,c＜a/(ea－

１)for０＜a≤a１ ;
(３)b＋c≤－１,b＞－aea/(ea－１)andc≥－a＋１,b＋c＞－aea/(ea－１),b≤－１,c＜a/(ea－１)

fora＜０,

wherea１isthepositiverootofequationea －２a－１＝０．
ByTheorem５,Lemmas８and１０thefollowingcorollaryisgot．
Corollary３　Forallm ＞|a|,undertheconditionofLemma１０,if

－ aea

ea －１≥－ aαm

αm －１or a
ea －１≤ a

αm －１
holds,thenthenumericalsolutionsinheritoscillationoftheanalyticsolutionsofEq．(１)．

Sowehavethesecondresultforpreservationofoscillation．
Theorem８　ThenumericalsolutionsinheritoscillationoftheanalyticsolutionsofEq．(１)ifoneofthe

followingconditionsholds(１)０≤θ≤φ(１)fora＞０;(２)φ(－１)≤θ≤１fora＜０,whereφ(x)＝１/x
－１/(ex －１)．

Proof　FromCorollary３weobtainthatthenumericalsolutionsinheritoscillationoftheanalyticsoluＧ
tionsofEq．(１)ifαm ≤eafora＞０andαm ≥eafora＜０．ThenbyLemma５theproofiscompleted．

Sincelim
m→¥

αm ＝easo

lim
m→¥

a
αm －１＝ a

ea －１
,lim

m→¥

(－ aαm

αm －１
)＝－ aea

ea －１．

Letε＝min b＋ aea

ea－１
,c－ a

ea－１
,１

２
(b＋c＋ aea

ea－１
){ } ,M∗ ＝infm:αm －ea

αm －１ ＜ε(ea－１)
a{ }＋１

andM ＝ max{|a|,M∗ }suchthat
a

αm －１－ a
ea －１ ＜ε,　 － aαm

αm －１＋ aea

ea －１ ＜ε,

sothethirdresultforpreservationofoscillationisasfollows．
Theorem９　ThenumericalsolutionsinheritoscillationoftheanalyticsolutionsofEq．(１)ifoneofthe

followingconditionsholds(１)０≤θ≤φ(１)or１/２≤θ≤１fora＞０andm ≥M ;(２)φ(－１)≤θ≤１or
０≤θ≤１/２fora＜０andm ≥M ,whereφ(x)＝１/x－１/(ex －１)．

Proof　Itiseasytoknowthattherangeofa/(αm－１)hastwocasesforallm≥M ,a/(αm－１)≤a/(ea

－１)and(ii)a/(αm －１)≥a/(ea －１)．
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Thefirstcaseimpliesthatαm ≥eafora＞０andαm ≤eafora＜０,thenbyLemmas５,６wehavethat
thenumericalsolutionsinheritoscillationofEq．(１)if１/２≤θ≤１fora＞０and０≤θ≤１/２fora＜０．

Thesecondcasecanbeobtainedsimilarly．Theproofiscomplete．
Remark１　Itiseasytoseethatun ＝u(tn)fora＝０,sothepreservationofoscillationoftheθＧmethＧ

odsisobviouswhena＝０．

５　Numericalsimulations
Weproposesomeexamplestotesttheabovemainresults．
Considertheequation

u′(t)＝u(t)＋u([t])－３u(２t＋１
２[ ]),u(０)＝１． (２６)

Letm＝１００andθ＝０．５,itiscanbeseenthatthecondition(１６)issatisfiedfora＝１,b＝１,c＝－３．InFigＧ
ure１,wedrawthefigureofthenumericalsolutionofEq．(２６),fromthisfigureweknowthatthenumerical
solutionofEq．(２６)isasymptoticallystable,whichisinagreementwithTheorem４．

Figure１　ThenumericalsolutionsofEq．
(２６) withθ＝０．５andm ＝１００

　
Figure２　ThenumericalsolutionsofEq．

(２７) withθ＝０．４andm ＝１００

　　Fortheequation

u′(t)＝u(t)－u([t])－３u(２t＋１
２[ ]),u(０)＝１． (２７)

Wecantestthata＝１,b＝－１,c＝－３,m＝１００andθ＝０．４satisfythethirdconditionin(２０)．InFigＧ
ure２,wedrawthefigureofthenumericalsolutionofEq．(２７),wecanseethatthenumericalsolutionof
Eq．(２７)isoscillatory,whichcoincideswithTheorem５．

Weconsidertheequation

u′(t)＝u(t)＋１．５u([t])－３u(２t＋１
２[ ]),u(０)＝１, (２８)

itiseasytoseethata＝１,b＝１．５,c＝－３,m＝１００＞M ＝２andθ＝０．４satisfy(iii)inTheorem６．We
gavetheanalyticsolutionsandthenumericalsolutionsofEq．(２８)inFigure３,wecaneasilyseethatthe
numericalsolutionsinheritthestabilityofanalyticsolutionsofEq．(２８),whichinaccordancewithTheorem６．

Figure３　Theanalyticsolutions(a)andthenumericalsolutions(b)ofEq．(２８) withθ＝０．４andm ＝１００

Considertheequation
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u′(t)＝－u(t)－u([t])＋u(２t＋１
２[ ]),u(０)＝１． (２９)

Letm ＝１００andθ＝０．７,itcanbecheckedthata＝－１,b＝－１,c＝１satisfy(iv)inTheorem６．In
Figure４,wedrawthefiguresoftheanalyticsolutionandthenumericalsolutionofEq．(２９),respectively,
wecanseethattheθＧmethodspreservethestabilityofEq．(２９),whichisinagreementwithTheorem６．

Figure４　Theanalyticsolutions(a)andthenumericalsolutions(b)ofEq．(２９) withθ＝０．７andm ＝１００

　　Fortheequation

u′(t)＝－u(t)－０．８u([t])＋u(２t＋１
２[ ]),u(０)＝１, (３０)

itisnotdifficulttoseethata＝－１,b＝－０．８,c＝１satisfy(iii)inLemma９．Letm＝１００andθ＝０．４．We
gavetheanalyticsolutionsandthenumericalsolutionsofEq．(３０)inFigure５．Itshowsthatthenumerical
solutionsinherittheoscillationofanalyticsolutionsofEq．(３０),whichcoincideswithTheorem７．

Figure５　Theanalyticsolutions(a)andthenumericalsolutions(b)ofEq．(３０) withθ＝０．４andm ＝１００

　　Furthermore,fortheequation

u′(t)＝u(t)＋u([t])－５u(２t＋１
２[ ]),u(０)＝１． (３１)

Wecanverifythatthecoefficientsa＝１,b＝１,c＝－５satisfy(iii)inLemma１０．Letm＝１００＞M ＝
２andθ＝０．８,inFigure６,wedrawthefiguresoftheanalyticsolutionandthenumericalsolutionofEq．
(３１),respectively,wecanseethattheθＧmethodspreservetheoscillationofEq．(３１),whichisinagreement
withTheorem９．

Figure６　Theanalyticsolutions(a)andthenumericalsolutions(b)ofEq．(３１) withθ＝０．８andm ＝１００

　　Theotherresultscanbetestedinthesameway．Allnumericalresultsshowgoodagreementwithour
theoreticalresults．

６　Conclusions
Inthispaper,weconsiderthenumericalpropertiesofθＧmethodsforaspecialkindoffunctionaldifferＧ

entialequations．Someconditionsforthestabilityandoscillationofthenumericalsolutionaregiven．The
conditionsthattheθＧmethodspreservethestabilityandoscillationsoftheanalyticsolutionsareobtained．
ThenumericalexamplesshowthattheθＧmethodsaresuitableandeffectiveforsolvingthiskindofequaＧ
tion．Wewillconsiderthemultidimensionalcaseandthelinearmultistepmethodsinourfurtherwork．
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一类泛函微分方程的数值稳定性和振动性

王　琦　姚洁怡

(广东工业大学 应用数学学院,广东 广州５１０００６)

摘　要　考虑一类泛函微分方程数值解的稳定性和振动性．首先,用θＧ方法求解方程,获得了数值解

稳定和振动的条件．接下来研究了数值方法对上述两种动力学行为的保持性质,得到了解析解的稳

定性和振动性被数值方法保持的条件．最后给出一些数值算例．
关键词　泛函微分方程;θＧ方法;数值解;稳定性;振动性
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