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Abstract In this paper,we give an oscillation criterion of interval type for second order nonlinear
conformable fractional differential equations. This oscillation criterion relies on information of the
coefficients on a subsequence of the positive half-line,rather than the whole positive half-line.
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0 Introduction

Fractional differential equations are used in various fields such as physics, mathematics, biology, bio-
medical sciences,finance as well as other disciplines (see [2,7]). In the last few decades,many people have
been studying fractional differential equations. There are many definitions in the existent literature,such as
the Riemann-Liouville,Caputo,Riesz, Riesz-Caputo, Weyl, Grunwald-Letnikov, Hadamard,and Chen deriv-
atives. In 2004, R. Khalil et al. (see [4]) have suggested a new fractional derivative, which is called con-
formable derivative. This new definition has a lot of very nice properties, many properties that are consist-
ent with the standard derivative,such as the definition itself, the chain rule that we are familiar with. In this
paper,we shall investigate the oscillation criterion for the second order nonlinear conformable fractional
differential equation

POy N +q) f(y(D)) =et), t =1, >0, D
where p € C' ([t;,0),(0,0)),g.e € C([t,,0),R),0 < a<1.

A nontrivial solution of equation (1) is called oscillatory if it has arbitrarily large zero; and otherwise
it is said to be non-oscillatory. Equation (1) is said to be oscillatory if its all solutions are oscillatory.

When e = 1 ,we have the following second-order differential equation

Py +q)y() = e(t), (2)

Many papers involve the oscillation for equation (2) and other linear,nonlinear,damped,forced differential
equations or Hamiltonian systems (see [3,8,9,10]) since the foundation work of Winter [10].

In this paper,we give a new type of oscillation criterion for equation (1) ,this oscillation criterion relies

information of the coefficients on a sequence of interval on [z, ,%), rather than on the whole interval.

1 Main results

For the sake of convenience,we give some definitions and properties of conformable fractional deriva
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tives and integral, which are important in the proofs of the main result. We begin with the following defini-
tions and lemmas.
Definition 1 The left conformable fractional derivative starting from ¢, of a function f:[t,,0) = R of

order @ with 0 << a << 1 is defined by
(Tn f)(l‘)* f(m(z) = lim f(l‘f"_E(t*l‘,O)la)if(t)’

e>0 S

when @ = 1, this derivative of f(z) coincides with f ). If T exists on (Z;,2,) then

Ty, Hr) = hrnf(‘“(t)

t T

Definition 2 Leta € (0,1]. The left conformable fractional integral of « starting at z, is defined by

s, @) = J[ (st)' f(s)ds = J/ SGHdi .

If the conformable fractional integral of a given function exists,we call it is a -integrable.
Lemma 1 (see[1]) Ife € (0,1)and f € ([#,,%),R), then for allz =1, > 0 ,we have
I T O = f@-f ) and Ty (I H @) = f(0).
Lemma 2 (see [4])
(D T: Caf +bg) = aT; (f) +06T% (g) for all real constant a,b;
(2) T; (fg) = [T (g) +gTi (f);
(3) T; (") = pt’*, for all p;
gl (fH-fT7 (g)

w1y Ly = B T,
g g

(5) T (¢) = 0, where ¢ is a constant.

Lemma 3 (chain rule,see [1,4,5]) Assume f,g:(a,o) — R be (left) o differentiable functions,
where 0 <a<{ 1. Let h(2) = f(g(2)). Thenh(s) is (left) o= differentiable and for all # with ¢ 7 a and g(©)
# 0 we have (Tih) (1) = f (g())(Tig) (). It = a we have (Th) (1) = limf (g(1))(Tig) (1),

—>a

Lemma 4 (see [5]) Let f.g:[t,2,]— R be two functions such f,g is o differentiable. Then

Jrl FHg@ (Hdi s = f(s)gs) ‘ = Jrl g() [ (Hdi s.

Lemma 5 (see [6]) Suppose X and Y are nonnegative. Then
XY =X <<Q—DYy*.a>1,
where equality holds if and only if X =Y.
Fora,b € R such thata <b, let
D(a,b) = {u € C'lasb]:u" (1) > 0,t € (asb),ula) = ulb) = 0}.
Let p € C' ([, ) ,R) be a positive function. For given f € C([,,0),R) as in [11],we define an inte-
gral operator Al in terms of H € D(a,b) and p as

b
Al(f5) = J H*(Dp() f(Ddut ya <t < b,

By a direct calculation,we see that A’ has the following properties
Aﬁ(alfl +ar fo30) = alAfi(fl 1) +02Aﬁ(fz i) 3)
AY(f3t) = 0 whenever f = 0; 4)

(a) (a) (a) (a)
Af:(f%z):—Az([ H* +L]f i) = A”(‘ H* +L

NAEDRE (5)

where f1, f2, f € C([1,,0).R).g € C'([£y,0),R) and a; »a; are real numbers.
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T>=T,, there exist T < s, <t; < s, <1, such thate(z) << 0fort € [s,,¢; ] ande(t) =0 fort € [s,.t, ].
If there exist H € D(s,,t;) and a positive function p € C' ([t s0) sR) such that

Theorem 1 Assume = 8 > 0 for some constant S with 3> 1. Suppose further that for any

(a) (a)
AL Q50 = AL (p ‘H +e-

,t). (6)

fori = 1,2, where
QW =BPB—DT [6q]7 | e(t) |7,
then equation (1) is oscillatory.
Proof Suppose to the contrary that there exists a nontrivial solution y(#) of equation (1) which is not

oscillatory. Without loss of generality, we may assume that y(z) > 0 on [ T,,o) for some T, = t,. Set

V) = LY @D "
y(t)

Then differentiating (7) and making use of equation (1) ,it follows that for allz = T,, we have
y(O[Lelt) q(t)f(y(t))] W [y DT

(a)
Vi = ¥ (0 v (1)
:M -1 6(1)7V2([) - o e([)ivz([)
| y(o) |71 |y | jLy(t) p(0) 8 (D) | y(0) | +y(z‘) NOR (8

By our assumption,we can choose t; > s; == T, so that e(z) <C 0 on the intervall, = [s, ,¢, ]. For given

R s o e o L e
t €1, set F(x) =8¢ (Dx >+ wehave F'(2") = 0,F (") >0, wherex” = [(ﬁ—l)aqm] . So
F(x) attains its minimum at x~ and
Flx) =2 F(x") = Q.(»), (9
So (8) and (9) imply that V(#) satisfies
Q) <—Vve()— LW
p0)
Applying the operatorAll to (8),using the fact that H(s;) = H(z;) = 0 and (5) ,we obtain
(a) (a) 2
AL Q)50 < Al (— V@ () — VD < a <2‘H 6,1V —YWo 0 ao
pt)’ p()
LetX—‘V‘ A =2, Y—p +‘(i . By Lemma 5.we obtain
b H = 2p
H(a) (O(l V (t) ‘H(a) (0<l 2
<' ’
2|V\‘ + 20 () H+2,0 1D

Then in view of (10),(11) and the properties (3) as well as (4),we see that

(a) (a)

AL QD) = Al (p ‘HH +6,

2
;l)’

which is contrary to (6). On the other hand,if y(z) is a negative solution forz =T, >t,, we define the Ric-
cati transformation (7) to yield (8). In this case,we chooset, > s, = T, so that e(z) == 0 on the interval I,

e(t)

= [s2+t,]. For givent € I,, set F(a) = 8g ()2 — ewe have F(x) = F(x" ) = Q.(¢). The remaining

proof is similar hence we omit the details. This completes our proof.
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fii W OAXLET R ERBRESSBRN ML F ARG RS EF I, X — B R T AR

Hfe B dheh— 3] F XN L6 MR
Kitinl Ao RN F A2 KA M Riccati Tk



