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OscillatoryCiterionforNonlinearConformable
FractionalDifferentialEquations

WANGPeng　ZHENGZhaoＧwen
(SchoolofMathematicalSciences,QufuNormalUniversity,Qufu２７３１６５,China)

Abstract　Inthispaper,wegiveanoscillationcriterionofintervaltypeforsecondordernonlinear
conformablefractionaldifferentialequations．Thisoscillationcriterionreliesoninformationofthe
coefficientsonasubsequenceofthepositivehalfＧline,ratherthanthewholepositivehalfＧline．
Keywords　Conformablefractionaldifferentialequation;oscillationcriterion;RiccatitransformaＧ
tion

０　Introduction
Fractionaldifferentialequationsareusedinvariousfieldssuchasphysics,mathematics,biology,bioＧ

medicalsciences,financeaswellasotherdisciplines(see[２,７])．Inthelastfewdecades,manypeoplehave
beenstudyingfractionaldifferentialequations．Therearemanydefinitionsintheexistentliterature,suchas
theRiemannＧLiouville,Caputo,Riesz,RieszＧCaputo,Weyl,GrunwaldＧLetnikov,Hadamard,andChenderivＧ
atives．In２００４,R．Khaliletal．(see[４])havesuggestedanewfractionalderivative,whichiscalledconＧ
formablederivative．Thisnewdefinitionhasalotofveryniceproperties,manypropertiesthatareconsistＧ
entwiththestandardderivative,suchasthedefinitionitself,thechainrulethatwearefamiliarwith．Inthis
paper,weshallinvestigatetheoscillationcriterionforthesecondordernonlinearconformablefractional
differentialequation

(p(t)y(α)(t))(α)＋q(t)f(y(t))＝e(t),t≥t０ ＞０, (１)

wherep∈C１([t０,¥),(０,¥)),q,e∈C([t０,¥),R),０＜α≤１．
Anontrivialsolutionofequation(１)iscalledoscillatoryifithasarbitrarilylargezero;andotherwise

itissaidtobenonＧoscillatory．Equation(１)issaidtobeoscillatoryifitsallsolutionsareoscillatory．
Whenα＝１,wehavethefollowingsecondＧorderdifferentialequation

(p(t)y＇(t))＇＋q(t)y(t)＝e(t), (２)

Manypapersinvolvetheoscillationforequation(２)andotherlinear,nonlinear,damped,forceddifferential
equationsorHamiltoniansystems(see[３,８,９,１０])sincethefoundationworkofWinter[１０]．

Inthispaper,wegiveanewtypeofoscillationcriterionforequation(１),thisoscillationcriterionrelies
informationofthecoefficientsonasequenceofintervalon[t０,¥),ratherthanonthewholeinterval．

１　Mainresults
Forthesakeofconvenience,wegivesomedefinitionsandpropertiesofconformablefractionalderiva
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tivesandintegral,whichareimportantintheproofsofthemainresult．WebeginwiththefollowingdefiniＧ

tionsandlemmas．

Definition１　Theleftconformablefractionalderivativestartingfromt０ofafunctionf:[t０,¥)→Rof

orderαwith０＜α≤１isdefinedby

(Tα
t０f)(t)＝f(α)(t)＝lim

ε→０

f(t＋ε(tＧt０)１Ｇα)Ｇf(t)
ε

,

whenα＝１,thisderivativeoff(t)coincideswithf′(t)．IfTα
t０existson(t０,t１)then

(Tα
t０f)(t)＝lim

t→t＋０

f(α)(t)．

Definition２　Letα∈ (０,１]．Theleftconformablefractionalintegralofαstartingatt０isdefinedby

(Iα
t０f)(t)＝∫

t

t０

(sＧt０)αＧ１f(s)ds＝∫
t

t０
f(s)dα

t０．

Iftheconformablefractionalintegralofagivenfunctionexists,wecallitisαＧintegrable．

Lemma１　(see[１])　Ifα∈ (０,１)andf∈ ([t０,¥),R),thenforallt≥t０ ＞０,wehave

Iα
t０
(Tα

t０f)(t)＝f(t)Ｇf(t０),andTα
t０
(Iα

t０f)(t)＝f(t)．

Lemma２　(see[４])

(１)Tα
t０
(af＋bg)＝aTα

t０
(f)＋bTα

t０
(g)forallrealconstanta,b;

(２)Tα
t０
(fg)＝fTα

t０
(g)＋gTα

t０
(f);

(３)Tα
t０
(tp)＝ptpＧα,forallp;

(４)Tα
t０
(f
g

)＝
gTα

t０
(f)ＧfTα

t０
(g)

g２ ;

(５)Tα
t０
(c)＝０,wherecisaconstant．

Lemma３　(chainrule,see[１,４,５])　Assumef,g:(a,¥)→Rbe(left)αＧdifferentiablefunctions,

where０＜α≤１．Leth(t)＝f(g(t))．Thenh(t)is(left)αＧdifferentiableandforalltwitht≠aandg(t)

≠０wehave(Tα
ah)(t)＝f′(g(t))(Tα

ag)(t)．Ift＝awehave(Tα
ah)(t)＝lim

t→a＋
f′(g(t))(Tα

ag)(t)．

Lemma４　(see[５])Letf,g:[t０,t１]→Rbetwofunctionssuchf,gisαＧdifferentiable．Then

∫
t１

t０
f(s)g(α)(s)dα

t０s＝f(s)g(s)t１t０－∫
t１

t０
g(s)f(α)(s)dα

t０s．

Lemma５　(see[６])SupposeXandYarenonnegative．Then

λXYλ－１－Xλ ≤ (λ－１)Yλ,λ＞１,

whereequalityholdsifandonlyifX ＝Y．

Fora,b∈Rsuchthata＜b,let

D(a,b)＝ {u∈C１[a,b]:u２(t)＞０,t∈ (a,b),u(a)＝u(b)＝０}．

Letρ∈C１([t０,¥),R)beapositivefunction．Forgivenf∈C([t０,¥),R)asin[１１],wedefineaninteＧ

graloperatorAb
aintermsofH ∈D(a,b)andρas

Ab
a(f;t)＝∫

b

a
H２(t)ρ(t)f(t)dαt,a≤t≤b．

Byadirectcalculation,weseethatAb
ahasthefollowingproperties

Ab
a(α１f１＋α２f２;t)＝α１Ab

a(f１;t)＋α２Ab
a(f２;t); (３)

Ab
a(f;t)≥０wheneverf≥０; (４)

Ab
a(f(α);t)＝－Ab

a(２H(α)

H ＋ρ
(α)

ρ[ ]f;t)≥－Ab
a(２H(α)

H ＋ρ
(α)

ρ
|f|;t), (５)

wheref１,f２,f∈C([t０,¥),R),g∈C１([t０,¥),R)andα１,α２arerealnumbers．
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Theorem１　Assume f(u)
|u|βsgnu≥δ＞０forsomeconstantβwithβ＞１．Supposefurtherthatforany

T ≥T０,thereexistT ≤s１ ＜t１ ≤s２ ＜t２suchthate(t)≤０fort∈ [s１,t１]ande(t)≥０fort∈ [s２,t２]．

IfthereexistH ∈D(si,ti)andapositivefunctionρ∈C１([t０,¥),R)suchthat

Atisi
(Qe;t)＞Atisi

(p H(α)

H ＋ρ
(α)

ρ

２
;t)． (６)

fori＝１,２,where

Qe(t)＝β(β－１)１－α
β [δq(t)]１

β |e(t)|
β－１
β ,

thenequation(１)isoscillatory．

Proof　Supposetothecontrarythatthereexistsanontrivialsolutiony(t)ofequation(１)whichisnot

oscillatory．Withoutlossofgenerality,wemayassumethaty(t)＞０on[T０,¥)forsomeT０ ≥t０．Set

V(t)＝p(t)y(α)(t)
y(t) ． (７)

Thendifferentiating(７)andmakinguseofequation(１),itfollowsthatforallt≥T０,wehave

V(α)(t)＝y(t)[e(t)Ｇq(t)f(y(t))]
y２(t) －p(t)[y(α)(t)]２

y２(t)

　 ＝ －q(t)f(y(t))
|y(t)|β－１ |y(t)|β－１＋e(t)

y(t)－V２(t)
p(t)≤－δq(t)|y(t)|β－１＋e(t)

y(t)－V２(t)
p(t)． (８)

Byourassumption,wecanchooset１ ＞s１ ≥T０sothate(t)≤０ontheintervalI１ ＝ [s１,t１]．Forgiven

t∈I１,setF(x)＝δq(t)xβ－１－e(t)
x

,wehaveF′(x∗ )＝０,F″(x∗ )＞０,wherex∗ ＝ －e(t)
(β－１)δq(t)[ ]

１
β
．So

F(x)attainsitsminimumatx∗ and

F(x)≥F(x∗ )＝Qe(t), (９)

So(８)and(９)implythatV(t)satisfies

Qe(t)≤－V(α)(t)－V２(t)
p(t),

ApplyingtheoperatorAt１s１to(８),usingthefactthatH(s１)＝H(t１)＝０and(５),weobtain

At１s１
(Qe(t);t)≤At１s１

(－V(α)(t)－V２(t)
p(t);t)≤At１s１

(２ H(α)

H ＋ρ
(α)

２ρ
|V(t)|－V２(t)

p(t);t)． (１０)

LetX ＝|V|
p

１
２

,λ＝２,Y ＝p
１
２

H(α)

H ＋ρ
(α)

２ρ
．ByLemma５,weobtain

２|V| H(α)

H ＋ρ
(α)

２ρ
－V２(t)

p(t)≤p H(α)

H ＋ρ
(α)

２ρ

２
, (１１)

Theninviewof(１０),(１１)andtheproperties(３)aswellas(４),weseethat

At１s１
(Qe;t)＞At１s１

(p H(α)

H ＋ρ
(α)

２ρ

２
;t),

whichiscontraryto(６)．Ontheotherhand,ify(t)isanegativesolutionfort≥T０ ＞t０,wedefinetheRicＧ

catitransformation(７)toyield(８)．Inthiscase,wechooset２ ＞s２ ≥T０sothate(t)≥０ontheintervalI２

＝ s２,t２[ ]．Forgivent∈I２,setF(x)＝δq(t)xβ－１－e(t)
x

,wehaveF(x)≥F(x∗ )＝Qe(t)．Theremaining

proofissimilarhenceweomitthedetails．Thiscompletesourproof．
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非线性整合分数阶微分方程的振动性判据

王　鹏　郑召文

(曲阜师范大学 数学科学学院,山东 曲阜２７３１６５)

摘　要　本文给出了一类二阶非线性整合分数阶微分方程的振动性判据,这一判据只依赖于系数函

数在正半轴的一列子区间上的性质．
关键词　整合分数阶微分方程;振动性;Riccati变换
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