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Hamiltonian Structure and Algebro-geometric Solutions
of the Nonlinear Schrodinger-MKdV Equations
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(School of Medical Information Engineering, Taishan Medical University, Taian 271016, China)

Abstract A 3X 3 isospectral Lax matrix is introduced from which a nonlinear Schrédinger-
MKdV(NLS-MKdV)hierarchy is obtained, whose Hamiltonian structure is presented by use of
the trace identity. For the convenience of obtaining algebro-geometric solutions, we transform the
3 X3 matrix isospectral problem into an equivalent 2 X 2 one, in terms of Riemann theta func-
tions, the algebro-geometric solutions of the coupled NLS equation and coupled MKdV equation
reduced from the NLS-MKdV hierarchy are constructed.
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0 Introduction

Searching for the exact solutions of nonlinear equations has been important and interesting in the areas
of the mathematics and physics, and several systematic methods have been developed to obtain explicit so-
lutions of soliton equations, for instance, the inverse scattering method™, Darboux and Backlund trans-

15121 The algebraic-geometric meth-

formationst , Hirota’s bilinear method**, Lie symmetry analysis etc
od was first developed by Matveev et al. as an analog of the inverse scattering theory. As a degenerated case
of the algebro-geometric solutions, the multi-soliton solution and periodic solution in elliptic function type
may be worked out. A systematic approach, proposed by Gesztesy and Holden to construct algebro-geo-
metric solutions for integrable equations, has been extended to the whole (1+1) dimensional integrable hi-
erarchy, such as the AKNS hierarchy, the Camassa-Holm hierarchy etc!’®!. Recently, Fan etc. investigated
algebro-geometric solutions for the Gerdjikov-Ivanov hierarchy, the Hunter-Saxton hierarchy and so
On[14 17] .

In this paper, we first use a 3X 3 isospectral LLax matrix to obtain a NLS-MKdV hierarchy by use of

1823 which can reduce to the coupled NLS equation and coupled MKdV equation and whose

the Tu scheme
Hamiltonian structure can be generated by applying the trace identity. As we know, constructing algebro-
geometric solutions associated with the 3X3 matrix isospectral problem is more complicated than that re-
lated to the 2X2 case, hence we transform the above 3X3 matrix isospectral problem into an equivalent 2
X 2 one, by using Riemann theta functions, the algebro-geometric solutions of the coupled NLS equation

and coupled MKdV equation are obtained easily.

1 The NLS-MKdV hierarchy and its Hamiltonian structure

Consider the 3 X3 isospectral Lax matrix
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f2x q+tr 0 2a, 2b, 0
U:/Zz q—r 0 qtr ,v:g2 2Cm 0 20, AT, @)
m=0
0 q—r —/22 0 2¢, — [2a,
solving the equation V,=[U,V ],leads to (2)
a,. =(q+rec,+—gb,,
b= b (P
1
Cont+1— " Comr +?(q_r)am ’
o :2,89])0 =co=a,;=0,b :B(q+r) »C1 :ﬁ(qir) 20, :B(q.; —7r.),
(3)

o =B(r.—q.) a,=p0G"—¢") by =p(q.. t7r..) +%ﬁ(q+r) G+,
3 =B(q. —7r.) —F%ﬁ(q* N —q") say=2B(rq, —qr.) ,

by =B(q e F 7 )—F%ﬁ[(q-ﬁ—r) =g 1. +plq+r Grq.—qr.),

=BT e ™ Q) *%ﬂ[(q*r) (rF—gH 7, +pGqg—r) (rq. —qr.) » .

Note
[2a, 20, 0
v =12 Sl2e, 0 2, [
0 2, —/2a,

a direct calculation may show that the compatibility conditions of the Lax pairs ¢, =Ug@.p, =V, V" =

V¢, engenders the integrable hierarchy,

o 1
q by —Cua 2 2Cb,1tep)
u, = :( ): ( ):JP,.H,
! r), Dys1 T Cutn 1 2Cc, 11— b,01)
> 0

where J is a Hamiltonian operator, from (3), we obtain a recurrence operator
- qd Ly qd lq*(?
7(9+r971r rd 'q )
Therefore, expression (4) can be written as
w=(r), = )
" r)e —A4pr
Reduction case 1 When n=2, the system (5) reduces to the following coupled NLS equation
q, = 2Br. +pr(r* —q*),
{r,z =2pq.. +Bg(* —q*).
Taking p=i.R=q+r=iq+r., we obtain the NLS equation
iR, + 2R, +R|R|*=0.
Reduction case 2 When taking =3 in (5), we have the coupled MKdV equation

q13 = 218(1»111'1 + 3‘8(11 (}/-2 qu ) s
{ Ty =2pq.. +3‘8r1 (i —q*).

(€Y

(5

(6)

D)

Taking pB=1,¢=0, we get the MKdV equation r., —3r'r, — 2r,., = 0. Hence we call the system (5)

NLS-MKdV hierarchy.
A direct computation yields
< aU

V,£>:2b+2c,<V,%}ﬂc—zb,a:za,
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[18]

substituting the above equations into the trace identity , we get
S P 2b+2¢
~— Qa)=x1""A"7 . (8)
du X (20—2@)
Comparing the coefficients of A~ ' on both sides in (8) leads to
9 (2a,.)=(—mP,.
Su
it is easy to find that y=0, then we have
0 [ 2a,1 oH,
P,=-(—"——\="".
" du ( n ) ou
Hence, we obtain the Hamiltonian structure of (5)
u, :(q) :J‘M. (9)
" r/, ou

It is easy to verify that JL=L" J, so the NLS-MKdV hierarchy is integrable in Liouville sense. In the
following section, we are interested in constructing algebro-geometric solutions of the coupled NLS equa-
tion (6) and the coupled MKdV equation (7).

2 Algebro-geometric solutions of the coupled NLS equation (6) and the coupled
MKdV equation (7)

For calculation convenience, we transform 3 X3 matrix isospectral problem (1) into an equivalent 2 X

2 one,
A +
y.=Uy, y.=V'y, U/:%( . r)’
q—r A
(m) (m)
yoo = (A7 BT\ Lega 2y (10)
(/‘(/n) _A(m) 2 j=0 2(:} _aj

which can also generate equations (6) and (7). We consider the Lenard gradient sequence {S;};2, by the re-

cursion relation

KS;, \=JS;.S;1n=0,8,=(2B,0,00", (1D
where
d qtr —q—r
d +r —q—r
1 q q
K=z @t 7 O lu=lo 1 0
0 0 1

1
?(q*r) 0 —d

It is easy to find that S; is uniquely determined by the recursion relation (10). Here the condition

S; | (qn =0 is used to select the integration constant to be zero. A direct computation shows from (11) that
0 J1 r—q")
S =|Bq+ |8 =Bt r)|, ..
Blg—r ﬁ(?‘»z —q.)

We suppose (10) has two basic solutions X=(X,,X,)Tand Y=(Y,,Y,)7", then

0 —1, g
w:i<XY1‘+YX‘>< )z(é ! )
2 1 0 h —g

satisfies the Lax equation

w.=[U,W], W, = [vew W], (12>
which implies that the function det(W) is a constant independent of x and ¢,,. From (12), we get
20.=(qt+rhtG— f, f.=Af—(qt+rg,h,=—2ht(qg—1)g, (13

and
grm :B(m)h_('/‘(m)f’ fzm :ZA(/H) ‘/'_ ZB(m)g’ hrm :Z(j(,]l>g_2A(Nl)h9 (14)
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where
1 N+1 i . N-+1 . )
= 2 AN =N = 2 AN, (15
2 j=o j=0 =0
and N is an arbitrary positive integer value. Substituting (15) into (13) gives
KQ/—l :JQ, ’ JQ() =0 ’ KQN:()y Q, = (Cl, abj ’C,)T. (16)
It is clear to find JQ, =0 that has the general solution
Qo:aos():ao(ZB’O’O)Ts (17)
from (11) and (16), we have
k
QK:EQ/]‘S}zf/7O<k<N+19 (18)
i=0

where a,,***,a,:, are integral constants. Substituting Eq. (18) into Eq. (16) yields the following certain

stationary evolution equation

0 Xt tax Xo—0. (19)
without loss of generality we set a; =1, from Eqgs. (15), (16)and (18), we then have
2fa: B —q* )+ 2fas
0, = B(Q+r) NS ,8((11‘5‘7,,.)‘5—/5’(11((1—5—;’) ,
Blg—mr BCr.—q.) +far (g 1)

Zﬁ(rq»l‘_qu')+ﬁal (72 _qz ) +230(g
B(q +r) +%p<q+r> (P — ")+ fas (o )+ B (1)

0,= 20)
Blq. —r. )+ ﬁ(q—r)(r —q") o (r,—q.)FPar(g— 1)
By applying (15) we can rewrite f and h as the following finite products
N N
f:ﬁ(qur)Hl(A*,u]), h:[;’(q*r)ﬂl(/l*uj). @2
1= 1=
By comparing the coefficients of A¥N"',A¥"% and combining Eqgs. (15) and (21), we get
N, - N
q1+7” +a/1 Z/z,-,rf_qlﬁLa]:*Zvj, (22)
q+r = q—r =
Qe 770 q.tr, Qoo T | 1, , r.—q, -
q+r +*( q )+0{1 + JFQ’)*]E#//A&, q—r JF?(TZ_QZ)JFQW q—r +0(2 *Jgk)/j)/kv (23)
since det (W) is a (2N + 2) th-order polynomial in A with constants, we have
2\ +2
—det (W)=g"+ fh= 4‘82 (A ) =4FRQ). 24)
Substituting Eq. (15) into Eq. (24) and comparing the coefficient of A*N"2,A*Y, gives
2N+2
Zgog] +foh1 +f1ho - ;} /\j ,g$+2gogz +f1h1 = ;k/\]/lk ’ (25)
hence we obtain
— I Ly Ly (26)
a — ﬂ‘ ,9‘87 ﬂz j{::k/\_,'/\/c ﬂ ; IA_,' .
From (24)we have
g“A,FkZZ“B‘ /R(#k),g“A,yk:2‘3| /R(v). 27)

Again utilizing (13) and (21), we find

f‘z‘a:#,‘,:_ﬁ(qu")/l/u 11 (#k_ﬂj):_(q+r)g‘A:,uk9

J=1.j7k
helico, = =B =@ue 1l (=0 =—C(qg=rgli,, - (28)
which together with (27) leads to
V| W — | W IO
Ml — N s Uk — 29
IB_ZIH_#(M*M) 1871_[ (v, — j)

Similarly, by use of (14), (21) and (27), we obtain
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1]g] /R(;l Y B 4l /R(w c

J225 - 77#;1”’ - ’ (30)
ﬁ(q+r) M (,uﬁ ) Br—aq) 711 (v, —v;)
thus
P :4‘B|(#L Ej 1}4 al) /R(/,q 4‘B|(U;\ ] 1U al) /R('U/Q) (31)
kt, ’ kz) N 1)
H (/,L/ j) H ('U;\,*'Uj)
i=1.j%k J=1.jFk

:4‘ﬁ|r(/xk*2,:1/x,+al )/jk+2,/k/1”u/+(E]\Y:1/,Ll+0(1)0(170(2—|+ /R(/j/)
I3 Vr Qo — ) ’

o :—4|‘8\r(v}i—x}\‘;]ijrm)vkJFZ:j(ifkvjkaf(Z}V:]v,me)m_azﬂJr /R(v,)
M3 H,“‘\vzl.,’;*/g(‘l)h*‘l},) ’

hence let y, (x5t,,) , v, (x,2,) be distinct solutions of the ordinary differential Egs. (29) and(30) ,then (g,7)

(32)

determined by (22) is a solution of Eq. (6)with n=m=2 or a solution of Eq. (7) with n=m=3.
Based on the form of the function det (W)in Eq. (24), we introduce the hyperelliptic Riemann surface

2N+2

F:€2 =R ,R()= Hl (A=A sAon22=0
with genus g= N. For the same , there are two points (1, /R(1)) and (1,— /R())) on different sheets of

I". Since R(}) is a polynomial of order 2ZN+2 in terms of A, there are two infinite points e, and o, which
are not branch points of I'. On I" we fix a set of regular cycle paths:a, sass... san3bys05,. .. by, which are
independent and have the intersection numbers as follows
area; =by°b;=0,a,°b0;=0y sk,j=1,-,N.
The holomorphic differentials on I" are chosen to be
- _ A da
/RQD)
Let Ay = [ s » By = JP,,_,;M. The NX N matrices A=(A, ) and B=(B,;) are invertible. Define matrices

C and 7 by C=A ',7=A 'B. The matrix ¢ can be shown to be symmetric and has a positive definite imagi-

s[=1,2,++,N.

nary part. We normalize a,:] into the following new basis
N
w,:EC,‘za)[al:1929'"aN-
=1
Then we find

.‘ukw] E(q/ [ukwl ZC]/AM ]k vf/;}cw,-:Tjk~

For a fixed point p, , the Abel-Jacobi coordinate are given as follows

(@2 Z\Hk( ./) zzlw( Alild/\
o s, = 2 1 =R CT s (33)
N (zot ) NN~ 1
. v oty & AN
g']) ol ) = J‘ - J C . 34
{0“ (1 ) IZ:; by @ }Z; =1 by ! R(A) ( )

By using (33) and the first expression of (29), we have

J p‘”*i% ‘M: SBS Za/z‘kilcjz
ST RGO L G )

which gives

7[)(])* ‘lgﬁ‘(’f\ (1>—7j:1’2’...’]\7’
by use of the following equality

N (=1

) s
k:lﬂjzl./;tk (/1/7/1])

= iN 9[21929"'vN.

In a similar way, we get from (29)-(34)
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2,08 =0 3,0 =, 0 =09 =418 (Ca 1 —a G
9,3p1<1’ :a,gpz‘ﬂ :Q§]> =4 “8| (ng\vfg —a Cjwfl JF()(%C]N _azcjg\: ), j=1,2,--,N.
Based on the above results we have the following
o=t Qut, Tr00=—Qix—Qut, 72

where

— (@D (2) (NONT —
0, =2, 0,7 s, ) sm=2,3,

N N

() — 0,0) () — [, (0,0)

7’ _kz j/lﬁf(\) [ V2 _kElJ Z’a wj.
-1 —

We define an Abel map on I" as follows

A(f)) - Mﬁow,w:(wl [ ’CUN)T’A(Enkf)k): En,A (i),@).

Consider two special divisors m (m=1,2); then we get
N N N
ACZpi")=2APP) =2 [ row=p,
k=1 k=1 k=1

N N N
A(E:lpék) ) ZgilA(pék) )ZE)IJ Ew=ps
Pik) - (,uk 95(#;)) and ])Ek) - ('Z)/Q 95('11}3)).
We define the Riemann theta function of I" as

0= 2 exp (wilrz 2> +271i<¢,2>) . LeCY,
e zN

in which {=(¢,, &) "< 2> =211 ¢2,. In terms of the Riemann theorem in algebraic geometry, there
exist two constant vectors M, ,M, & CVsuch that

Fy = 0(A(p) — pi — M) has exactly N zeros at X = py5... ,uy 3 and

F, = 0(A(p) — p» — M) has exactly N zeros at A = v;,... suy .

In order to make these functions single valued, the surface I'" is cut along all a,,b, to form a simply

connected region, whose boundary is denoted by ¥ . Notice the fact that the integrals

L[ adinF, =1, m=1.2,
2nj
are constants independent of p; and p, with
N
=1 = 2] Aw;.
j=1v4
Applying the residue theorem, we have
N 2
Z/J]:Ii EReS/\,D; ,/\dlnFl (A)s (35)
ji=1 s=1 *
N 2
2 v;=I1— 2 Res;—.. ,AdInF, (). (36)
ji=1 s=1 *

In order to compute the residues in (35) and (36), we first introduce local coordinates x = A" at infini-

ty. Then the hyperelliptic curve & = R(Q) in the neighborhood of infinity can be expressed as & :é(z)

with ==V £, R() =Y (1—2,2)and o0, = (22 (— 1) /RGO |ooo=(0.(—1)"1),s=1,2. It is casy
to see that
. ) N Al
Ap), =—[h + [t @, =—p? +3C, [# — AL
. e AT D R

2N dy

N

= *7}_5” — (=D 2, Iz *77?” — (=D ' [Cyztolz*)].
=1 ~

R(=2)

Since the Riemann theta function is an even function, F,,(1) can be written as

F, () =00, p +MJ +57 +(—1)""Cpns +0(2") s o+)
N
= 0" 42 (— 1) D CyD0" o), (37)
ji=1

where 6" = 0(p,, +M,, + 7)) = 0C son + M+ 775.” ,==), D; signifies its derivative with respect to the

th argument of 8¢ . It is easy to compute that
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N
(71(9.5’”) — 2 ﬂ‘[;ﬂ(;JNDjefm) . (38)
ji=1

Substituting Eq. (38) into Eq. (37), we arrive at
Fm (271 ) :&Em +§%( _ 1>X71(’)10§-M) +0(Z2 ) s

which leads to

d%lnF,,, (x ==L (=119, 1n0" +o(2).

21l

Hence we have
Res,—.. AdInF,, (1) =Res.—oz 'dInF, (z ") :4‘&( —1) 19, ng"™ ,s=1,2,m=1,2, (39)

where
0" =02+ Q. +7).07 =0(—Q1x—Qut,,+ 7
and 7, and 7, are constants.
From Egs. (35), (36) and (39), we get

(1 (Z)
%a In zm ,Zv :1+%a In . (10)

Substituting Eq. (40) into Egs. (22), we finally obtain the following algebraic-geometric solutions of
Eq. (6) withn = m = 2 or of Eq. (7) withn = m = 3,

(2) (1

q= ﬂ‘%{?z)exp[(I—O—m YT o (L) ] zmexp[(* I —ayx+qo (t,,,)]}

2,4,—1+

B (0 x—Qutnt ) I_Lm‘zl_ 0 at0utntm) 1 /1 ]
e R ] (g 2 o R e (g 2 e ]

(2) (1)

0
118l {e">exp[(l+“1 )f+r<>(fm)]+@mexp[(—I—m )I+Q<>(t,,,>]}

B (0¢—Da—Dd.tp)
“trlocaa e (1

r=—
2N+2 2N+2

D ptnan g (2 e ]}

ji=1

where ¢, (¢,,) and r,(¢,,) are two arbitrary complex functions about variable ¢,,.

3 Conclusions

We obtained a nonlinear NLS-MKdV hierarchy and its Hamiltonian structure by use of the Tu
scheme, furthermore, for the convenience of obtaining algebro-geometric solutions, we transform the 3 X3
matrix isospectral problem into an equivalent 2 X2 one, then the algebro-geometric solutions of the coupled

NLS equation and coupled MKdV equation are constructed in terms of Riemann theta functions easily.
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