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Global Attractors for Non-densely Defined Evolution Equations

YOU Hong-lian

(School of Science. Binzhou University, Binzhou 256600, China)

Abstract In this paper, we consider the existence of global attractors for a class of evolution e-
quations with or without delay, where the operator in the linear part is not necessarily densely de-
fined. The novelty of this work is that we do not need the assumption in our previous works ** 1*]
that the C,-semigroup associated with the linear part is compact. Therefore, the method in this
paper is applicable to a wide class of evolution equations. Techniques in this paper is the full use
of a generalized Gronwall inequality and the Kuratowski's measure of non-compactness. Examples
of the C,-semigroup associated with the linear part being not compact is given as an application to
illustrate the generalization of our result.
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0 Introduction

In this paper, we study the existence of global attractors for the following evolution equation without

delay
u (D) =Au(t) +Fu(t)),t>>0, D
{U(O)ZI(»GX,
where (X, ||+|| ) is a Banach space; and equation with finite delay
(2)

W (D =Au(®)+F(u) 1>>0,
{u(O) =pcC,
where C=C([ —r,0],X) is the space of continuous functions from [ —r,0] to X. For infinite delay case,
it can be solved similarly, except that the phase space will be changed to others. A is a Hille-Yosida opera-
tor but not necessarily densely defined, which generates an integrated semigroup. F is a nonlinear function-
al determined later. As usual, for every t& R, the history function u, € C is defined by
w, (D =ult+0),06[—r,0].

On the study of dynamic behaviors of Eq. (1) and Eq. (2), we refer to works %% % 18- 18] and the ref-
erences listed therein for more information. Most of the papers mentioned above are devoted to the exist-
ence, regularity and stability of equilibria or solutions. Only the work in [ 5] and our previous work in [ 6]
studied the existence of global attractors for Eq. (2) with finite delay, and meanwhile, the case with finite
delay and without delay were considered in our another previous paper [18]. Comparatively speaking,
works on specific semilinear PDEs other than the general form as Eq. (1) and Eq. (2) is a little more, see
e.g.[4,7,14].

We note that the above mentioned works require that the semigroup associated with the linear part is
compact. This condition is needed in previous works to guarantee the compactness of the solution operator,
which is a necessary condition for the existence of the global attractor, see [10] for details. However,

there are many examples in which the linear operator corresponds to a non-compact semigroup, e. g. » the
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age-structured population model (see section 4). In recent paper [117], Eq. (1)with random perturbation is
considered. Under some appropriate assumptions, they studied the existence, uniqueness and the long time
behavior of solutions, as well as the existence of a global (random)attractor at last. In these assumptions.,
the linear part A generates an analytic semigroup, no compactness being needed. But another more condi-
tion that (8, IFA) ' is compact for some constant 8 is needed to obtain the compactness of solutions. There-
fore, it will make sense if the compactness assumption is removed, which is a difficulty and which also mo-
tivates this paper.

Except the compactness, the uniform estimation of solutions is another necessary condition for the ex-
istence of the global attractor. In the delay case and no-delay case, however, the methods of estimation are
very different. In detail, in the delay case, we need to rely on a weighted norm to get the uniform estima-
tion of solutions (see Proposition 5).

Therefore, the purpose of this paper is to remove the compactness assumption completely on the sem-
igroup associated with the linear part, for both the cases with and without delay. To this end, under the
basic theory of C,-semigroup in [10] and integrated semigroup in [15], we will take full advantage of the
Kuratowski's measure of non-compactness instead of Ascoli-Arzela method to overcome the difficulty due
to the absence of the compactness assumption, which is a novelty of this paper.

Compared with work in [11], another novelty is that the linear operator A is not necessarily densely
defined. In fact, operators with non-dense domain occur in many situations owing to restrictions on the
space where the equations are considered. For example, periodic continuous functions and Holder continu-
ous functions are not dense in the space of continuous functions; see more examples in [137].

In the next section, we list some preliminaries for our use. Then in section 3, we develop the existence
of the global attractor for Eq. (1). Regarding results for Eq. (2) with finite delay, we study it in section 4.

In the last section, we give some example to illustrate our results.

1 Preliminaries

In this section, we list some results on integrated semigroup and C,-semigroup for our use, see
[10, 15]. Let E be a general Banach space. Consider the following nonhomogeneous Cauchy problem
Ju/(t):Au(z)+f(t) ,1>>0,
114(0) =x€E,
where f:[0,+c0)—E is continuous and A: D(A) CE—E satisfies the following assumption

(D)

(A) A is a closed linear operator, and there exist constants w & R and M=>1 such that (@, +o0)C
p(A) and

| AI—A) "

M
<=
T QA—w)"

AW €]
where p(A) denotes the resolvent set of A and [+ is the operator norm.

Rmark 1 In the sequel of this paper, we always assume that the operator A satisfies assumption(A).
Meanwhile, for simplicity, we take M=1 in (4). In fact, this can be done if we employ the renorming lem-
ma in [12] to introduce an equivalent norm in E.

Definition 1 A continuous function x: [0, + o) = E is called an integral solution of Eq. (3)if
[12(s)ds€ D(A) and

(D) =x+Albx(s)ds+ [} F(s)ds. (5

In order to study the non-densely defined operator, we introduce the part A, of A in D(A)

A=A on D(A)={x€D(A) . Ax€ D(A)}.
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Proposition 1 '*!  The part A, of A in D(A) generates a Cy-semigroup T, (¢), t==0, on D(A).
Proposition 2 ') The unique continuous solution to Eq. (5) with values in D(A) are given by
u()=T, (t)‘r_hljf}, I8 Ty (t—H)AQT—A) ! f(s)ds.

The Kuratowski's measure of non-compactness for a bounded set B of a Banach space E is defined as

k(B)=inf{d™>0.B has a finite cover of diameter<d}.

Definition 2 ") A semigroup T(z), t==0, is said to be k-contracting if there exists a continuous func-
tion 8:R™—>R" such that 8(z)—>0, as t—>-+co, and for each £=>0 and each bounded set BCE with «(B)>
0, we have x(T(D)B)<p()x(B).

Theorem 1 "' If T():E—~E, =0, is k-contracting, point dissipative and orbits of bounded sets are
bounded, then there exists a global attractor.

At the end of this section, we state a generalized Gronwall inequality in [ 8], which is essential to our
proofs through this paper.

Lemma 1 0 If ‘r(t)éh(t)JrJ'fog(s)f(.s')ds,tG [#,,T),where all the functions involved are continu-
ous on [t,,T), T<{+oo, and g(¢)>=0, then x(z) satisfies

2(O<hO+ ] h()gs)e =t ds, 1€ [1,,T).
2 Equations without delay

In this section, we consider Eq. (1). Assume that F satisfies the following assumption

(F)) F.:X—X is Lipschitz continuous in the sense that there exists a constant L, >0 such that

| F(x)—F(y) | <L, || x—y || forall z,yEX.

Then for Eq. (1), it is well known that (A) and (F,) are sufficient conditions to guarantee that its in-
tegral solution exists uniquely and globally. On the other hand, A is not necessarily densely defined. Let X,
=D(A). With the help of Propositions 1 and 2, the integral solution of Eq. (1) can be expressed as fol-
lowing

u(H)=T,(t)x, +Al»ir+nrmf{> To(t—DAQAI—A) ' F(uls))ds for all 12=0, (6)
where T, (¢), t==0, is the Cj-semigroup generated by A,, the part of A in X,. Moreover, for any integral
solution u of Eq. (1), u(z) € D(A). Then, for any 1=>0, we can define U(z) : X,—>X, as following U (2)x,
=u(t), where u is the integral solution of Eq. (1) initiated with x,. Furthermore,U(#), t=0, is a C,-sem-
igroup on X, , see [5].

In the following, we investigate the properties of U(z). To this end, we make the following additional
assumption on T, (z), t=0.

(T) T,(H)<<e *, Yt=0, where >0 is some constant.

Proposition 3 Suppose that (A), (F,) and (T) hold. Then, for any z, € X, ,

| F) ||
a— L,

where u is the integral solution of Eq. (1) initiated with x,, «a7~L,.

o | <AEP () Jer ez, %
~1

Proof From (6), for any 1, € X,, we have
| uo) | < To (O, |l +Aljﬂ,\"g | To(=s)AQI—A) "Fu(s) | ds
<e || x| ﬂlfinﬂ’emﬂ) [AQI—=A) "' ||| FCO) || +L, | uCs) || ds
=e | a | + 1 FO) [l e hedstLie[ie | uls) || ds.
Then

e a1 < Il o |l +HF5170)H(6“’—1)+L] foe 1 w(s) || ds,
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By the generalized Gronwall inequality in Lemma 1, we get that

e N | < g |+ ey, 1y |+ ED L e 1yt og
e g | AL (et
which implies that
o | <y LB =,

Lemma 2 Assume that the hypotheses in Proposition 3 hold. In addition, o«>>L,. Then U(¢), t=0, is
point dissipative and orbits of bounded sets are bounded.

Proof From Proposition 3, we know that, for any x, € X, , since «>L, >0, there exists t, =t, (x,) >
0 such that for t=1¢,,

| wo) | <M+1
a—L,

. (independent of z,).

Therefore, By, (O,WJrl) (N X, C X, attracts each point of X,, where By, (O,%Jrl) de-
1 1

notes the open ball in X, with center 0 and radius %+1. On the other hand, since «>>L, >0, by
a 1

(7)we have, for any t=0,
F(0)
| wCe) | <%+ |z | »
a 1

which implies that orbits of bounded sets are bounded.
Proposition 4 Let (A), (F,) and (T) hold. Then, for any x,,y, € X, ,
N U@ xe—U@y, || e “ 0 || zg—y, || » ¥ 2220. €))
Proof By (6), for any x,,y, € X, we have
U@z, —Uy, |
< | To@ay=To @y, || + lim [ | Ty (¢=9DAQT—=A) N (FU ) 2) —FWU 50 || ds
<e o=y Il 4 lim Ly [ ™™ AGI=A) 71 | UGz —U)y, [l ds
<e | zo—y || FLie [be” | U(s)zy —US) y, || ds.
Then
e Uz, —U@ y, || < || 20—y || +Li[he® Uz, —U(s)y, || ds.
Using the Gronwall inequality, we get that
e UM —UWy, | e[| ao—yo Il
which implies that
Uz —U@y, | <e ™ “ " | 2o —yo ||+ V220,
Lemma 3 Suppose (A), (F,) and (T) hold true. Then U(2) : X,— X, ., t==0, is k-contracting provid-
ed that «>1L,.
Proof ILet BC X, be any bounded set with x(B)>0. Then for any t==0,U(¢) : B—>U (¢) Bis surjective.
Moreover, from (8) we know that
U@z, —Uy, | <e “ " | xo—y |+ Va3 €B.
For any e>>0, there exist bounded sets B,CB, i=1,2,+,m, such that B= ", B; and
diam{ B, } <k(B)te, i=1,2,+,m
Since U(t) B= U, U()B;, for any x,y€U(1)B;, we assume that x=U (1) x,,y=U (1) y, for some
X0y € B;. Thus
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=yl = U@z U@y, || <e 0| 2o —yo || e “ " diam(B,)<<e “ "7 (x(B) +e).
This implies that x(U(r)B,)<<e “ "' (x(B) +e¢),and hence x(U()B)<e “ "' (x(B)+e).
By the arbitrary of ¢, we obtain that x(U(t)B)<{e “ "% (B).
Remark 2 In this lemma, the Kuratowski’s measure of non-compactness is key to the removement of
the compact assumption on T, (#), as well as the finite delay case (see Lemma 5). One can refer to [5,18]
that T, () need to be compact because they use Ascoli-Arzeld method to prove the compactness of the so-
lution operator U(2).

As a result of Theorem 1, Lemma 2 and 3, we give the main result of this section.

Theorem 2 Let (A),(F,) and (T) hold. If ¢>>L,, then Eq. (1) has a global attractor in X,.

3 Equations with finite delay

In this section, we consider Eq. (2), in which the phase space C([ —r,0],X) is equipped with the su-
preme norm denoted by ||+|| ¢. To this end, we assume that

(F,) F.C(_—r,0],X)—>X is Lipschitz continuous in the sense that there exists a constant L, >0
such that

| F(p) —F(p) [ <L, || ¢t —¢» || ¢ for all ¢y .0, € C(L—r,0],X).
Let
S, ={e€C([—r,0].X) [o(0) € D(A)}.
A similar argument as that in the first part of section 3, we get that the integral solution of Eq. (2)

can be expressed as following

JTQ (t+0 0+ lim [{ T, t+0—)AQI—A) ' F(u,)ds, —+<<6<0,
A+ oo

u, () =. €D)

lotto . —r<o<—1.
where T, (¢), t=0, is the C,-semigroup generated by A, on 3,. Then for any t—=0, define U(¢) :3,—>3, as
following U () p=u, , where u is the integral solution of Eq. (2) initiated with ¢, and U(z), t==0, is a C,-
semigroup on 3,7,
In order to study the behavior of U(z), we suppose that T, (¢) satisfies condition (T) in section 2.
Proposition 5 Suppose that (A), (F,) and (T) hold. Then for any o€ 3,

e” || F( | F(O

0 ] L
ha | o< EEDL 4o g = LSO e 1, (10)

where u is the integral solution of Eq. (2) initiated with ¢, a7#L,e”.
Proof From (9), we prove this result in two cases.
Case 1. 0<{t<Cr. Then

sup e’ || u, () |
—r<0<0

=max{ sup e’ [ o+ | ’75/1/10[306“0 | w, (D1}

—ref=—

AQI—=A) | (|| FO) || +L, | . || )dz)

<I‘HE1X{67M H @ H cs SUp eaﬁefa(z 6 H gD(O) H + sup enﬂ lim |10< ﬁe*a(l F0—o)
— <420 —=f<0 A—>+oo

<max{e *

o llcre ™ @) | 4= sup e’ [i"e " 2| F(O || +L. || u. || )dr}
<0<0

—r=0=

<e “|@llct I FO e *[iedetLoe “[ie || u, || cde

[FO I,
a

e g ot ey Loe “fhem |, | cdr.

On the other hand, we have

—r== —r=f=

sup ¢ [[u (@) || =e sup [lu DI =e [ e
Then
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e H u, H e H @ H (,+HF270)H

So we get

LFO

e Jul e<eCll gl o —ID+Loe e | u |l ode

By the generalized Gronwall inequality in Lemma 1, we obtain that

el [l o <e” (] @ Il ¢ —Fw — 1))+ Lye” [Lev ( | ¢ Il +w
FOLE oo g = LEO L
Consequently, we get
R L
—Le a—L;e

(A—e “)+Lye @ [he || u | cde.

1))e\l)e drd\

Case 2. t>r. In this case, the integral solution does not include the initial part. Thus,

sup e’ || u, (O ||

< sup e?e 7 || o(0) | + sup o llm [+0gatto—o

O<rt+0<t =rt+o=t

<e [l o0 I + sup e’ [ 06”“” r>( | FCO [ +Ly | w. | )de

o<t

\F(O) |
a

<o |l gl e+ (—e )+ Lye e | u, || cde.

Similarly as that in case 1, we get that

I u | H F) | e H I H F) |
e a—L,e” ( a—L,e”

)ef‘r[?“m‘)’ N
Lemma 4 Assume that the hypotheses in Proposition 5 hold. In addition, a=>L,e”
is point dissipative and orbits of bounded sets are bounded.
Proof One can refer to LLemma 2 for a similar proof.
Proposition 6 Let (A), (F;) and (T) hold. Then for any ¢,¢€ 3, ,
[UWe—UW¢ | c<eme @2 || g—g¢ | ¢\ ¥ 1>0.
Proof For any ¢,¢€3,, from (9), we prove this proposition in two cases.

Case 1 0<<t<<r. Then
%up e“o I W) (D — WD (D I

AQI=A) ' FO || +L, || w, | dr

71. Then U([) D) Z}Oa

0€l—r,
<maX{ sup e | oG+ —¢+o) | ,gesrliﬁme“{’ | Ty (t46) (p(0) —¢C0)) ||
—0—%5151’[)0]e i 1111)[’0'9 | To(t4+0—AQI—A) ' (FU(s)e) —FWUs) ) || ds}
<max{e “ || g—¢ | (~,56‘?1711pme“‘7e*““+”) [ (0> —(0) ||
+L, @65[99()1(3&:133{'5'Se*a“‘9*” AQT—A) | U e—U)¢ || cds}
<max{e “ [ o=l cre [ @(0)—¢0) || +Lse *[he [U()e—U(s)¢ | cds}
<e “lo—¢llctLie e [Us)o—U)¢ | cds.
Since
,Sup U ()—UWP @D =e “ [UDe—UW¢| c»
then

e’ || U e—U¢ I e<le” || ¢ | c4+Loer [he || Uls)e—U(s)¢ | «ds.

By the Gronwall inequality, we get that
| U e—UWg | e<e? e || o= || ¢ 0<t<r.

Case 2 t>r. In this case, the integral solution does not include the initial part. Thus,
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sup Je‘ﬁ | (U@ (— W)@ |

o[ —r.0

<£up e || T, 460 (p(0) —¢(0)) | + rs[up ]e“” lim [57 || T, (H’@*S)A(/U*A)ﬂ(F(U(s)gp)*F(U(s)gb)) I ds

oel—r.0] 0€[—r.0] a>too

< sup ee “7 | (0)—¢0) || +L, s[up ]e“” h? [P0 et [ XQAT—A) 1 || U)e—Us)¢ | cds
e —r,0 A—>+oo

o€ —r.0]

<e “lo—¢llctLie ™ [he || U)oe—U()¢ | cds.
Similarly as that in case 1, we obtain that
[UWe—UW¢ | c<eme 2 | o—¢ |l ¢rt>r.
Lemma 5 Suppose that (A), (F,) and (T) hold. Then U(¢) is k-contracting provided that a>L,e”.
Proof Similarly as the proof in Lemma 3, let BC S, be any bounded set with x(B)>0, we have

k(U@WB)<<e"e “ % (B), Y 1=0.
Since a>>L,e” , then e”e “ 2 '—>0 as t—>+0co, i.e. , U(t)is x-contracting.
Following from Theorem 1, LLemmas 4 and 5, we arrive at the main theorem of the finite delay case.

Theorem 3 Let (A), (F,) and (T) hold. If a>>L,e”, then Eq. (2) has a global attractor in 3.

4 Applications

Considering the age-structured population model """, which is a non-densely defined and non-compact

example.

w,tu,=—plult,a)+ 7" y(abult,6))db,t>>0,a>0,
Ju(z,O)=m(¢’“u<z,a>da,z>o, (1

u(0,a)=¢la),a=>0,

with u(¢, « YEL'(0,+c0), the space of Lebesgue integrable functions with values in R and with norm de-

noted by ||*|l ;t; u(z,a) represents the density of individuals of age a and time ¢; ;(a) =0 is the natural

mortality ;220 denotes the fertility; y:Ry XR. XR—>R is associated with a density-dependent migration

process into or out of the population R. is the set of nonnegative real numbers), and [J~y( - y0, (b)) db

€L'(0,+020) for any & L' (0, + o).

Let X=RXL'(0, +c0) with the usual product norm of RXL'(0,+o0), and X, =R, XL} (0, +
©0) ,Here g€ L' (0,4 2°) means o€ L' (0, +<0) and ¢(a) €R for any a>0. Define A:D(A)CX—>X as
following
A {O} _ { —¢(0)

0
/ { JemA), (12)
o) ¢ rel ¢

where
D(A)={0}x X {¢€ L' (0,+c0):¢' €L (0,+09),0(0)=0}.
Clearly, X, =D(A)={0}xg XL'(0,+c0)#X, i.e, A is non-densely defined. Define the nonlinear term

F:X,—>X as following
0 [§7ela)d
P —[ B o(a)da .
[ 'o)’( ° 7/),50({]))(1{7

0
Set v(1) = € X, and =x& X, ,then Eq. (11) can be written as
u([a M ) @
jv’(z)=Av(/,>+F(v(/,>),/,>O,
(13)
I'U(O):Ie Xo.
Proposition 7 Suppose that there exists a constant ;>O such that
pla) =, ¥ a=>0. (14)

Then
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(i) A, defined in (12), is a Hille-Yosida operator with (*;,JFOO)CP(A) and
N 1 —
QAI—A) " <——=, VA —u;
(i) QAI—A) 'X, CX. . YA>u;
(ii1)  the Cy-semigroup T, (¢), generated by A, on X, , is not compact, but satisfies that
Ty ()<<e #, VY 1=0.

Proof (i) From (12), we know that

0 ()
QAI—A) = .
@ st QU+twe
Set y=¢(0) and {=¢+ QA+p)¢e. Then
pla)=e % 0rdy 4 oo ala ol 0dep () s (15)
and @€ L' (0,+ o) provided that A=>—4. Therefore, for any A=>— .,
0
al—A |7 = } :
¢
if and only if (15) holds. A simple calculation shows that
1 _
QI—A) ' <—=, V2> —p.
| | e, 7

(i) This assertion follows from (15) since y=0, {€ L (0,+co) implies ¢(a)=0 for any a>0.

(ii1)  The Cy-semigroup T, (¢), generated by A, on X,, possesses the following form

0 0 ~ Jo’a<t’
T, (1) = . swhere T, (1) p= .
@ T, (De lgp(aft)e it Od g >,
Then T,(2) is not compact and
O . N (a
| T, (o [ } | =1Tielv=1""lpla—t)e % |da
¢

=[5 I gpt@)e 5 [dasce P [ g 11
which implies that T, (1)<le *, Y (=0.
We need the following assumptions on Y.
(H,) There exists a nonnegative function L( « ) € L' (0, +co) such that
[T I yCasbeg (b)) —y(asbog, (b)) | db<L(a) || ¢ —¢: || 1 » ¥ a=>0.
and for any r=>0, there exists a ¢(r) >0 such that

[577Ce b)) dbte(rgE L, (0, +00) o€ LY (0, +o0), || o 0 <r.

Under the assumptions of (H,), Eq. (13) possesses a unique global integral solution v. Then define
U : X=X, as U a=w(1), Y t=0.

Remark 3 From Proposition 5. 117 (ii) and (H,), it is easy to prove that, for any x€ X, , the inte-
gral solution v(t) € X, , V=0, i. e, X,: is invariant with respect to U(z). Therefore, we apply Theorem
2 to Eq. (13) in X, and arrive at the following result.

Theorem 4 Suppose that (H,) and (14) hold true. If z>>p+ || L || .* »then Eq. (11) has a global at-

tractor in L (0,4c0),
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