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Invariant Tori for the Forth Order Nonlinear Schrodinger
Equation with Unbounded Perturbation
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Abstract In this paper, we are concerned with the forth order nonlinear Schrodinger (NLS)

“u,, =0, subject to Dirichlet boundary conditions. Using an infinite di-

equation 7w, T u.... + | u,
mensional KAM theorem, we prove that there exist many n-dimensional invariant tori and thus
many time quasi-periodic solutions for the above equation.
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0 Introduction and main results

Consider an abstract evolution equation
w=Aw+F(w), @b)
where w is in some Hilbert space, say, Sobolev space H?, and A: H”— H”“ is a linear operator, F is a
nonlinear map sending some neighbourhood of H?” to H” °. d==1 and § € R are respectively defined as the
orders of A and F. If §<C0, F is named a bounded perturbation, and if >0, F is named an unbounded per-
turbation.

In general, we assume §—>d —1 to guarantee the existence of KAM tori for the partial differential e-
quations (PDEs), which based on Lax'" and Klainerman''* (see also [10]).

The existence of KAM tori of the PDEs with bounded Hamiltonian perturbations has been deeply and
widely investigated by many researchers. The results in this field are too much to list here. We give just
two survey papers [ 2,12 ]. Moreover, there are also some results of KAM theory for the PDEs with un-
bounded Hamiltonian perturbations. The earliest KAM theorem for unbounded perturbations is due to
Kuksin™ where it is supposed that 0<<8<d—1. In [ 11], Kuksin proved the persistence of the finite-gap
solutions alongside the hierarchy of KdV equation with periodic boundary conditions. In 2010, Liu and
Yuan" obtained a new estimate for the solution of the small-denominators equation with critical unbound-
ed variable coefficients. With the new estimate, a KAM theorem for infinite dimensional Hamiltonian inclu-
ding 0<(8<<d—1 and limiting case §=d —1 was established in [ 8].

The KAM theory not only for Hamiltonian systems but also for reversible systems has attracted great
attention in the past few years. The KAM theory for the finite dimensional reversible system was put for-

ward by Arnold"", Moser"' and investigated thoroughly by Seryuk!*'"

, Broer and Liu“mong others.
Furthermore, Zhang-Gao-Yuan [ 18] initiated a KAM theorem for infinite dimensional reversible system
with unbounded perturbation and obtained quasi-periodic solutions of a class of nonlinear Schrédinger equa-
tion with derivative in nonlinear terms, subject to Dirichlet boundary conditions.

Schrédinger equations are basic equations of quantum mechanics which were proposed to describe the
motion of microscopic particles in 1926, after then it were widely used in the fields of atoms, molecules,
solid physics, nuclear physics, and chemistry, and so on. There are plenty of results about the solutions of
Schrodinger equations. For instance, In [27], He-Qian-Zou studied the existence and concentration of pos-

itive solutions for a class of quasilinear Schrodinger equations
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with critical growth. More conclusions about the Schrodinger equations can be found in [ 23-26, 28] and the
references therein.
Recently, many researchers focus on the existence of KAM tori and quasi-periodic solutions of

1) considered a class of fully nonlinear forced

Schrédinger equations. For example, in 2015, Feola-Procesi
and reversible Schréodinger equations
i, =u,, teflwt,xsusu,su,) 2 T:=R/2xZ,
and proved existence and stability of quasi-periodic solutions. In 2017, Lou-Geng™! disscussed the exist-
ence of quasi-periodic response solutions for a class of reversible forced harmonic oscillators with two basic
frequencies w=(1,a) where q is an irrational number. For more results about the KAM tori of Schrodinger
equations, the readers can refer to [19, 20, 22 .
However, there are few results on the existence of time quasi-periodic solutions for higher order re-
versible PDEs up to now. In the following we will focus on a forth order NLS equation
iw, F e, FFCususu, s, sty su)=0,(,2) €0, 1] XR 2
under the Dirichlet boundary conditions
u(t,0)=u(t,m)=0. (3
If Fsatisfies

F(;,us;.z s U, ’;,u' 9UJ-.1-):F(M’;9MJ ’;1 s Urr 9;“-)
then (1) is reversible with respect to the involution G: (usu)—(u,u). That is,
DG« X=—X-G,

0 1
where DG= (1 O> and X is the vector field of (2) with

i Qe T F Uty sUy sUpy sty ))
*< i HF sty sty sty 1)) )
Let FQususu, stty sty sttee) = |, |*u,. » we consider the following NLS equation
iw, g+ lu [P, =0, (L) €0, 1] XR 4)
subject to Dirichlet boundary conditions
u(t,0)=u(t,m)=0. (5)

In this case, the equation (4) is reversible system with unbounded perturbation, but it is not Hamilto-
nian with symplectic structure J =i (The proof of this conclusion is in the appendix of this paper).

In this paper, basing on the KAM theory for unbounded perturbation vector-field in [18], we can ob-
tain the existence of many time-periodic solutions for equation (4). Our main work is to reduce the infinite
dimensional coordinates form of (8) into a normal form up to order three and extract parameters. The
plague we meet is to check the condition (20). Because of the complexity of higher order frequency, the
matrixes of transformation A,B, in (21) become very complex. Fortunately, we conquer it by careful com-
putation and analysis.

In order to look for the solution u of equation (4), let

2 .. 0.
i ()= [osinjzsd; =)t =1
be the basic modes and their frequencies for the linear equation i, +u,,.. =0, with Dirichlet boundary con-
ditions, then each solution is the superposition of oscillations of the basic modes, with the coefficients

moving on circles u(z,x) = 21q; () ¢; (2) ,q; (1) =g} ",
=1

Using the KAM theory in [ 18], we obtain the following result.
Theorem 1 Consider NLS equation (4) subject to Dirichlet boundary conditions (5). For all n&€ N=
{1,2,++} and J=1{j,<j,<<+-+<j,}. there is an invariant linear space E; of complex dimension n which is

completely foliated into rotational tori

E] :{u:qh 90j| +“.+qi”§0i” :qu”}: U—TJ(I> ’
rep”

where P”:{I;Ij’ = ‘le |?>0 for 1<{i<<n} is the positive quadrant in R" and
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T, (D={u=gq; ¢, T+tq ¢; : \qjl |? =1, for I<ii<in}
such that there exists a positive measure cantor set [[C P" with positive measure and a family of n-dimen-
sional tori T, (IID= U T;(I)CE, given by a Lipschitz continuous embedding ;p:TJ (IH—~H?*
1€n

which is a higher order perturbation of the inclusion map 9}0 :E;—H? restricted to T; (ID). Restriction of (:o
to each T, (I) in the family is an embedding of a rotational n-dimensional torus of (4) and it carries quasi-

periodic solution of (4).
1 Birkhoff normal form

At first, using a scalar transformation u= /eu (e is a small positive real number), we change (4) into
i, ‘e, telu, [Pu, =0, (6)

under Dirichlet boundary conditions «(¢,0) =u (¢, %) =0. In the following, we omit "~ " for simplicity,

still consider the equation
iur +u1:z:r1‘ +€ ‘ u.r | : ul:r - O b (t ’~T) 6 [O b 7{] >< R. (7)

In order to write (7)in infinitely many coordinates, we let u(z,2) = 2 ¢, (1) ¢; (x) with ¢, (2)= /1
=1 : T
sinjx. The coordinates are taken from the Hilbert space ¢” of all complex-valued sequences (g;);~, with ||
Al . 2 2 5
qllh=21i1"1q <o, p=>.
S

Substitute it into (7), then (7) can be rewritten as
@ =ij'q—ie 5 Lsm* W40, (®)
I+stm+j=0
2 2
where W, = (*) |rcoslacossasinmasinj xdz.
T
Meanwhile,it is easy to verify that (8) is reversible with respect to the involution G, : (g,q)—>(g,q).
To continue our investigation of the system (8), we need to establish the regularity of the nonlinear
vector field

w=(w;) =1 = (Hﬁ%lj:olsmzW’*"”J916\9’“ yiz1- 9
Lemma 1 For p>%, we have
lwl,.=0Clql . (10)
Proof Defining r=(r;);=(ig));.r' =" );=(*q;));» hence |w, |<C|(rxrxr');]|.

For g€ ¢*, we have r,r' € ¢*~%. Moreover, the space ¢*~* is a Banach algebra for j)>%. So we have

fwl, .= _Z]jz(’)iz) |w; [2<<C Z}j“pﬁ) [(rerxr),]|*
j= =

=Cllrer=r ||, .<Clrl*r I, .<Clql".
Lemma 2 If positive integers [,s,m,j satisfy [*=s+tm=*;=0 and {/,m}7#{s,j}, then we have

|1 —s*+m*— [ =2 m. (1D
Proof If [+s+m—j=0,we have [+m=j—s, thus (/[+m)'=(—s)". It then follows that
tm'—s'—j =45 j+657 5" —4sj* — AP m— 61 m" — 4lm®

=—5;UG—"+2sj)) —mlAln+D*—2mbD
=—4G—) (sjtmb —2(7 7 —m* ")
=—(sj+tmD4(G—s)"+2(sj—mD)
=—(sj+mG—s—m) "+ +m +0E+G—9) +U+m)?)
=(m+s)m— )+ +m* +0+G—9)+U+m)?),
therefore, we obtain |/* —s*+m* —j*| =" +m* =2 m.
By the same method, it is easy to know when /[£s®+m=E;=0, we have
[I'—s'+m'—j' | =im*Lsj | "+ +m* +C+GED+HUEm) |
=|mts|mEj| F+itmHE+GEDHUEm?D)
=it +mr=2mj.

Lemma 3 There exists a transformation ¢ which is bounded in a small neighborhood of the origin in
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¢" and change (8) into

2z, =ij'z; *islgllszWujj |z %2 +ieg; (z,2) . j =1, Az
where || g(z,2) || ,—.,=0OC| q ) with g(z,2) =(g;(z,2)),~,. Moreover, if (8) is reversible with respect
to Gy : (q.q)—>(q,q) s then (12) is also reversible with respect to G, :(z,2)—>(z,2).

Proof We define a change ¢ in variables
zi=q;te 2 Twyqqqn-j=1, (13

I+sEm=j=0

with coefficients

=JI"—5s'"+m'—j

0,otherwise.

Z‘szwvzlzf . .
T, {[’1’Hﬁm*]:O»{l,m};é{s,]}, "

By Lemma 2, we see that (14) is well defined. Furthermore, we have

‘ Tl.r/a1jq/6.\‘q/71 | -

157)72W/ij/q.\~Qm < ‘Wl.\mi ‘ ‘ ZQ/ ‘ ‘Sq.\» ‘ |mQM |
U'—s'tm' = 2j :

Denote g= (jg;);~:. Then for p>%, using the algebra property of ¢~ !, we obtain

_ 1, - - - . ‘
H ( > T/wzj(I/q.\qm)j\l H /)<E H q*q*xq H p71<0(;b) H q H ‘Z,lgc(p) H q H 7)9

IEsEmEj=0
where the constant ¢(p)depends only on p. Thus, the change in variables ¢ is analytic in some neighbor-
hood of the origin in ¢ into ¢. It is easy to know that the change (13) is invertible and its inverse is of the

form
q;—%; " ¢ > T/wjzlg.\szVO( H Z H i> ’ ]21 (1>

It st j—0
in some neighborhood of the origin in ¢”. Differentiating both sides of (13) with respect to z, we have

2 =ij'q—ie X anlZW,A,,,jq,ci]jq,,,—Fie, Y U =s"tm ) Th,q.9.9,0C g 5.

I sEmtj=0 EsEmtj=0
Substituting (15) into the last formula, we have

é_,v=ij4zb,-—is[;wi%i] Ol.s7n2W,‘.m,z[§»zmJrisu&%:‘ij 0(14 —s'tm' =i T2z, HOC| 2| 5).

Using (14), (8) is changed into (12),

Next we prove that the change of variables ¢ commutes with the involution Gy, 1. e. ¢ G, =Gy ° ¢

By the assumption that (8) is reversible with respect to G,, we obtain that W,; is in R. Thus by
(14), we obtain T,,; € R. Then

oG (q. @) =¢(q.q) = (2,2) =G, (2,2) =G, °(q.q).

This result guarantees that the transformed system (12) is also a reversible system with respect to the
involution G, : (z,z)—(z,2).

As the coefficients of transformation (13) are real, so the coefficients of high order nonnormal terms

for (12) are still imaginary.

2 The proof of main results

In this section, we will present the proof of Theorem 1.

For a complex vector z=(z;),~, €¢’ and a given set J=1{j, <j,<--<j,} EN={1,2,++},we write

1 2
= Y= (5| |" .
{ZZ(ZJ);‘&M J ( 2 ‘ ! ‘ )je]
f o , .
2=(z)jen, » IZ(%ij) .
JEN;
and denote
ﬂ1::(j"),e‘/a A::(ZWU]'ZZZ)]_[QJQ Bl::(ZW/]].ZZZ)jeA\'],/eJ’
{ﬁz : :(jl)jENJ s {Bz : :(ZW[ijZZ )j.[ENJ » |Bs: :(2W,jj2[2>/e,wj_161 s
So we can rewrite (12) as
{2ip{z“isdiag(AY+BSZ)£+iegl(2,2,2,2),

. . . S~ = (16)
z=if,z—iediag(B\Y+ B, Z)z+ieg’ (z,2.2.,2) ,
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which is reversible with respect to the involution G, :(z,2,2,2)—>(z,2.2,2) and
g'(2,2,2,2)(g;(2,2,2:2)) e+ 8" (2,2,2,2) = (g,(2,2:2,2) ) jey, .
For the parameter £=(§, .6, ,++,6,) €EO={EECR"
jz /21, F¢&e,jEe], an
IZ %j ’] 6JV/ ’

which transforms (16) into the following form

0<C|& | <<1},we introduce a transformation ¢:

gl
0, =w, (&) —ediag<A1+Bgz>j+§ (?‘5#:—) JET,

zj
Z%(g_} =gz €T, (18)
2, =), (&)z; —iediag(B I+ B, Z) ;x;, Tieg) cp(0,1,2:2,8) ,jEN,,
=—iA; (&)z; Tiediag(B I+B.Z)z,—ieg;°¢(0:1,2,2,6) ,jEN,,
with w; (&) (B, —&AE); .4, (E) (B, —&B,&);. Then the tangent and normal frequency of system (18) are

w(g)dlag(w, (é) )1'6] ’ A(é)dlag(l, (&) >j6N] . (19
In the following, we will adopt lots of notations and definitions from [ 18], which including the phase

space, weighted norm for the reversible vector field, etc.. More definitions are presented in [18]. To ob-

tain our result, we have to verify (18) satisfies assumptions (A1)-(A4) of Theorem 1.1 in [18].

!
Firstly. from (19), we have |o|8 = | g —eA&| L <e 20 : =M, where A= (2W,j**); ,c; and W, is
x ] ]
. (e = 2 2 1 i 0,574,
given as follows W, :%_!351n“]1cos“ ladx= o 50 = ji
L 2w 1,5=L

3
Because |A|=-—= "+« 2""jij3+j27#0,w(E) is a homomorphism and Lipschitz continuous in both direc-
s

tions. Clearly, by (19), (1,870 for 1< [l| << 2. To verily condition
meas((€:{k,w(&))+(,A(E))=0})=0, (20)
we have to check that (k. )+ {l,B,)>%0 or kA+IB, 0, for all (k,]) €Z"XZ" with 1<[1]|<2.
Suppose that

kA+1IB, =0 21
and multiply the matric P=diag (% L,, ,L,) from the right-hand side of (21) and we can obtain
Ju J2 Jn
KA+IB=0,
where
2ji gt jt
~ 2 25 e g2 ~ _ _
e T B=B)) ey, B = ().

Jvoodwoot 25

Using a series of elementary transformation, we get

L |
it g i
] -1 =n —1
ii— T 7 :,
) J1 J2 J
—1 —1 n
it g

/A Y

J
Thus, the quality (21) holds true for k€ Z" and 1€ Z~ with 1<{|1|<{2 except the following four cases

ilv].: /h'(n+1)[jl ]2 ’."’jn]’

0,otherwise,

Case 1 [ {

and k=—T—h[j?,j§,---,],,]< = ,]12 ]%) with A€ N;
2

n
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Case 2 lzji_Z’J* /T[Jl?]z» inls

J
10 ,otherwise,

_ 1 1 .
I'ld k: / ‘29'29 “*oln LT R 1th/€N;
a Fhjisjs Jn ]<]§ 7 ];) with A

+1,5=7".j"and ;" +*=h+D[j1+jss"sju]>

Case 3 [, =
’ 0,otherwise,

b

and k=TFh[j}.j}3, 7],,:|<
+1,5=;.
Case 4 [,;=])F1,j=;"<j sand j" =" =hutD[ji+jsrju]s

0,otherwise,

1 %%) with /€ N;
J1 J2 J

n

H\vb—t
\H

o o

n

and k=$h[j?,j§,---,],,]( ,%) with h € N, where [ j,,j;,*»j, ] is the least com-

~.

mon multiple of j, .7, 7,.

In the following we will check <k,p;)>+<I,B,>70 holds true for all the above four cases.

If case 1 holds true, we have

<k’ﬂ1>+<l,ﬂz>:1h[ﬁ 7]5"]fz](]f_._]j_‘_+]i)+hz(n+1)l[]% ’jg""9j:21]2

=Tl o n JGI e h G DT 5 e D
In view of
Jitgi et <ngi <<t <<k 1[5 3 g s

then we obtain <{k,B,)+<I,p,>#40.

If case 2 holds true, we can get

2 2
KB (B = T gt 21 e D e
e ; . . . / 1 .
:+h|:]79]59"'$]i](]%+]§+'”+]5 %[] 5] ga 9],1])
Notice that
(n+1)* h(n+1)

]%+]§+"+]i<n]i< 4 []%9]2 5] n]< [].fv]g’""].i:l’

then <k.p>+<1.B,)>7#0.
If case 3 holds true, it is easy to see

<k9ﬁ1>+<laﬁ2>:¢h[‘]% 9j§9"' 9],2,](]%+]§+"'+]72,)i(]”+]”‘).
From (j”+j”’1)>%(j/2+j”2)2, we have

TR +j”")>%h2(n+1)2[j? 2 a'--,ji]2>%h(n+l)2[jf Vi 2 TR

Then

KB+ LBy = FRLJ2 e 2 (oA e 2 it

. N :+ “" {’ooc,‘]‘; eee ;fﬁ .
B B: VARNE: J (]l J2 J h[]lv]%»"'a]&])

Moreover,

(n+1> TR i

T e A A,
. S ANV RNiE

I:]f 9]% [ 9]i]<
therefore we can obtain (k,p, > +<1,B,)>#0.

If case 4 holds true, it is easy to see
(ko)L B)=TFhljtojis s ji 1GiHjs i EG =",
Notice G =" =G+ G —"H>G? =" =h(u+1D?[j2,j¢,.j )% ,we have

Iy
<k9 >+<l’ g>:TFh .29.'2""’.,2, <2+§+"'+i7% .
B p iy Jal(itit] J h[]Iv]Za"’a]ﬁ])
Moreover,
o 2

Jibii et <nit <l gt e <R D[ e <
h[]l’]?? '.7J71:|
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so we can get (k,f;)+<I,B,>#0.
Therefore, assumption (Al) is satisfied.

Secondly, as
A,'(S)j'lfe(Blé')] :].'1 7%]2 (]% 9]% [ ’]:Zz)(gl 3Gttt sSn)T’

thus

PHGINGIES f—f—ig‘i‘lj%s\ )y G ‘

=|j—1| ‘(j+l)(j2+lz>—(j+1)%(éiffﬁ‘

=|;—1] (ﬁﬂ%ﬂjﬂ)(ﬂiilj?a)
== +e,
for j#41,j,1>>0 and ¢ is small enough. Moreover,

-2
€ 2nju _
A .

2

A | g=sup j *|e(B, &),

y<
Therefore, assumption (A2) is satisfied.

It is sufficient to verify the regularity of f=(f\, fssifss—if3) in (18), where

) I
o Ay g'ztg'z
i e(AI+B, |z] )+574(1_|_€) )
fZ:%(gl Z*(EIE),
f‘;3:78(311+B2Z>2+€g2°SD(09191929§)9
fi=—eBI+B, Dz teg 0(0.1.2,2,8).

From Lemma 3, we have
|g' (z,2,2,2) |[=O0C [z | ), || g% zsz0252) ||, . =OC ] z | ).

Now let O<r<%, and consider the phase space domain
DG,r)={|Im0| <<s.[I|<r*, gl ,<r.lql ,<r}.
Set @: = {EER" ;%< | €| <<r},we obtain the perturbationfis analytic on D(s,r) X@®. So the assumption

(A3) is satisfied.
Lastly, It is easy to see that ¢ satisfies
Go"go:go"Gl, (22)
where G : (2,2,2,2)—>(z,z.2,2)and G, : (8.1.2.2)—>(—0.1.2.2).
Denote X,y and X,.,as the vector fields of (16) and (18), respectively, as (16) is reversible with re-
spect to Gy s thus we have X,4°Gy = —DG, + X,4. By the transformation ¢ in (17), we have X.4(p) =—Dg
o Xiew-
Moreover, from (22), we get Dp(G,) « DG, =DG,(¢) » Dp. Therefore, we obtain
XoewGr =(Dg) '+ X4 (oG =(Dg) '+ X0(Gyeg)
=—(Dg) "(DGy) * Xgu(@)=—DG, * (Dg) '+ X4 (g)
=—DG, * Xpew.

This is means that (18) is reversible with respect to G. Namely, the assumption (A4) is satisfied.

If we let r:e% , then
H f| rp 2.,1)(.\.y->xé:O(€7’2):O<1’7)9 (23)
| A s pen e =00G" « ¥ H=00G"). (24)

) 8~_ . ..
Choosing «=7r7y 7, we know thatfsatisfies the smallness condition

H f H 7’./)*Z,D(.‘.r)><[:)+1% H f H {f,/)p—z.b(.\,,»)xé:o(/)<;’a5- (25)

It is easy to verify the other conditions and assumptions of Theorem 1.1 in [ 18] also hold true. The

proof of Theorem 1.1 is completed.
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3 Appendix: NLS (4)is not Hamiltonian

In this subsection, we will prove that the NLS equation (4) is not an infinite dimensional Hamiltonian
system with the usual symplectic structure. We discuss an abstract evolution equation
u=f(w,uceO0CX, (26)
where X is a Hilbert space with the standard inner production
{u,v)=Re|[ruvdx
and O is an open domain. Suppose that (26) is a Hamiltonian with respect to symplectic form « with
wlhishy)={Jh, hy) h, h, EX,
where J is an anti-symmetric operator. Then we have
(J7H G % hyshyy=Chy ] fQw) % hy) shy sh, € Xu€ O, 27
where f(u) * is a derivative of f(u). More details can see [11].

Next we will prove that (4) is not Hamiltonian with symplectic structure J =i. To this end, it is e-
nough to prove that u, =i f(u) is not Hamiltonian where «(0) =u(x) =0 and f(u)=|u, |*u... Let X be
Sobolev space H” and O={u€ X: || u || ,<{2}. Suppose u, =if(u) is a Hamiltonian system with the usual
symplectic form w[ h, sh, |=[ih, +h, ], noting that

(u, tth,) (u,+th,) Cu,, th,) —uu,u,, T A

(lu, |Pup) * h =lim

>0 t
then the left-side of (27) equals
=iy | Pu) % by shy ) =Cusu b, sho Y+ Cuu by, sho Y < ho sho ) s (28)
and the right-side of (27) equals
Chy s —iiClug [Pun ) % hy Y= Chy sugue ol )+ Chy suu o ho Y 4 Chy s oy ) s (29)

for any h, +h, € X and u€ O.
Choose 0<<a<C1, and smooth function € O and real smooth function &, (x) € X on [0, ] such that
Reu, (u,, tu,.)(x)=Reu, (u,, tu,)(x—x),2€[0,a],
Reu, (u,, tu,)(0)=Reu, (u,, +u,.)(x)=0,
hy () =ih; (x),hy (2)=h; (x—2),2€[0,a],h; (0)=h; (x)=0,
and
Rel™ “u,(u,. ‘u,hs dx40.
Remark 1 There exists function u(x) such that the above condition is satisfied. For example, u(x)=
sin x+1isin 2x. Choose a real smooth function A, (x) € X such that
hy(x)=ih{ (2)h{ ()=h{ (x—2),2€[0,a]U[n—a.n].hi (2)=1,2€ (a,x—a).
Therefore,
(28)=Rel*uu h h,dr+Reltuu b h,dr+Reltuu b h,dx
=Reltu, (u,, +u, ) hih; de—Rel5 | u, |*hi by, dz,
(29)=Rel u,u  hoh dr+Reltuu hoh dr+Reltuu honh dx
=Relru, (u,, Tu,)h h).dr—Re|? ‘ w, | 2hi ks da.
Notice that the second part of (28) and (29) is equal, so we consider the first part of them. Obvious-
ly,

Rel™ u, Cup +udhihs de=—Rel%u, (uy, Fu ) hihs dxs
then we know Re|Zu, (u., +u, Yhihy dx=0.
Moreover,
Rel™ u,(u,, tu, h hy.de=—Rel¢u, (u,, tu, b hs.dx,
then
Reltu, Cu,, +u, by hyyde=Rel™ “u, (u,, +u, ks dx40,
That is, (28) is not equal to (29). Consequently, the system (4) is not Hamiltonian.
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