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Abstrat In a paper published in 2013, Wang and Ma proposed a structure-preserving algo-
rithm for computing the quaternion Cholesky decomposition. In this paper, we study the qua-
ternion Cholesky decomposition carefully and re-propose real structure-preserving algorithms
for LDLY and LL™ decompositions on quaternion Hermitian positive definite matrices,in which
we make full use of high-level operations. We compared these real structure-preserving

18 and Quaterni-

algorithms with the structure-preserving algorithm proposed by Wang and Ma
on Toolbox for Matlab in terms of computational time and accuracy. Numerical experiments
are provided to demonstrate that the gLDLH1 and gChol proposed in this paper are more effi-
cient than algorithm of Wang and Ma using low-level operations and that in QTFM using qua-
ternion arithmetics.
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1 Introduction

In a paper published in 2013, Wang and Ma proposed a structure-preserving algorithm for the
quaternion Cholesky decomposition. We study the structure-preserving algorithm in [ 6], and find that

[J, i.e., element to element operations. In fact, we

the computations are based on ‘level-1’ operations
can design more efficient algorithms to solve the problem of quaternion Cholesky decomposition.

One way to quantify the volume of work associated with a computation is to count flops. Usually
fl(x op y) stands for a arithmetic of +,—, X ,0or+of x and y. For example, for a,b€ R, there is only
one real flop in a =6 and a X b, while for a,b € Q, there are 4 real flops in a + b and 28 real flops in a X
b. Fora,b € R*, there is only 2 real flops ina™b, while fora,b € Q", there are 325 real flops in a™b, 16
times of real flop of that in computing inner product of real vectors.

An algorithm should satisfy the following three basic requirements. First, the algorithm should be

numerical stable and so is reliable. Second, computational speed should be as fast as possible. The last,
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it should save storage space.

In the real matrix computations, there are many stable and high accurate algorithms. Most of them
can be generalized to quaternion matrix computations and they are also stable and reliable.

The computational speed of an algorithm by applying Matlab software depends on two issues: arith-
metic flops and assignment number. The number of flops in a given matrix computation is usually ob-
tained by summing the amount of arithmetic associated with the most deeply nested statements. To re-
duce the complexity of a algorithm, we should minimize the flops. The quaternion arithmetic is much
more complicated compared with the real arithmetic. By using Theorem 1, we can convert the problem of
quaternion matrix computations to that of its real representation matrix computations, and by applying
Theorem 2 or Theorem 3, we can design real structure-preserving algorithms, which ensure that the
numbers of real flops of the two methods are same. When it comes to design a high-performance matrix
computation, it is not enough to minimize flops. Since the assignment number affects the complexity of
an algorithm and so also affects computational speed. Assignment refer to call subroutines or perform
matrix operations. An assignment typically requires several cycles to complete, The input scalars pro-
ceed along a computational assembly line, spending one cycle at each of all the work stations. Vector op-
eration is a very regular sequence of scalar operation. Vector processors exploit the key idea of pipelin-
ing. With pipelining, the input vector are streamed through the operation unit. Once the pipeline is
filled and steady state reached, an output component is produced every cycle. The rate of vector process-
ing is about n time that of scalar processing,in which 7 is the number of cycles in a floating point opera-
tion. On the other hand, parallel algorithms using multiprocessor play a great role in improving efficien-
cy of matrix computations,say, B = AX +Y, we adopt the assignment B = A * X Y to utilize vector
pipelining arithmetic operations rather than explicitly using triply-nested for-end loops, to speed up
computations remarkably. Therefore, real arithmetic numbers as well as assignment numbers are impor-
tant measures. See § 1.5 and § 1.6 of [1].

In this paper, we generalize the real LDL® and LL™ decompositions and propose real structure-pre-
serving LDL™ and LL¥ decompositions on quaternion Hermitian positive definite matrices. We compare
the running times and errors of these real structure-preserving algorithms with those of Wang and Ma,
and quaternion Toolbox for Matlab (QTFM)™ . Numerical experiments are provided to demonstrate the
effectiveness of the real structure-preserving algorithms proposed in this paper.

In this paper, R and Q denote real number field and quaternion skew-field, respectively. F™" de-
notes the set of all m X n matrices on F. For any matrix A € F™", AT,A and A" present the transpose,
conjugate and conjugate transpose of A, respectively. || + | denotes the Euclidean vector norm of a vec-
tor or the Frobenius norm of a matrix.

This paper is organized as follows. In Section 2, we recall some preliminary results used in the pa-
per. In Section 3, we generalize the real LDL" and LLT decompositions and propose real structure-preser-
ving LDL® and LL* decompositions on quaternion Hermitian positive definite matrices. In Section 4, nu-
merical experiments are provided to demonstrate the effectiveness of these algorithms proposed in this

paper. Finally in Section 5, we make some concluding remarks.

2 Preliminaries

In this section we recall some basic properties about quaternion and quaternion matrices. A quater-
nion g € Qis expressed as

qg=a+tbi+c+dk,
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in which a, b, ¢, d € R, and three imaginary units i, j, k satisfy
==l =ijk=—1.
The quaternion skew-field Q is an associative but non-commutative algebra of rank four over R, en-
dowed with an involutory antiautomorphism

g—>q=a—bi—c¢—dk.

Every non-zero quaternion is invertible, and the unique inverse is given by g ' = ﬁ , in which the
q

quaternion norm | q | is dened by
lql?=qqg=a*+0 + &+ d°.
For any quaternion matrix A = A; +A,;i+ A;j+ Ak, in which A, ,A,,A;,A, € R™", its real repre-
sentation can be defined as follows,
A — A, —A; —A,
A; A —A A,
A, A A —A
A, —A; A; A,
ForA = A, +A,i+A;j+ Ak € QF", we can get the real representation of A by the following algorithm.
Algorithm 1 A method for generating a 4m X 4n real representation of matrix A = A; +A,i -+ A;j+
Ak € Q7.
Function A®* = Realp (A, ,A,,A;,A,)
A, —A, —A, —A,
A, A —A, A,
A; A, A —A,
A, —A; A, A,
end
We list some properties of A® as follows.
Theorem 17 Let A,B € @, C € Q“ anda € R. Then
(1) (A+B)® = A® - B¥,(aA)® = aA®,(AO)® = ARC*.
(2) (AHE =AD",
(3) A € Q™™ is Hermitian positive definite if and only if A® is symmetric positive definite.
From (1) and Theorem 1, for the matrix A®, we only need to store the first column block of AF,
Ay
denoted as AR = A: , or the first row block of A®, denoted as AX = [A, A, A, A,
3
Ay
Theorem 212 LetA,B € Q™, C € Q™,q € Q" anda € R. Then
(1) (A+B)} = A+ BF,(aA)F = aAT,(AO)F = ARCY.
(2) (A" =LAD" 1.
3 lAllr= 1AXlrllqll:=I¢1l-:.
Theorem 3 LetA,B € Q*"", C € Q",q € Q" anda € R. Then
(1) (A+B)* = A 4+ B?, (aA)? = aA?,(AC)F = ARC*.
(2) (AT} =[UlH"],.
3 lAllr=1A¥lrllqll.= lI¢1l-.

Therefore, if we want to perform the Cholesky decomposition of a m X m quaternion positive definite
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matrix A, we can apply the properties of its real representation, A®, to make the computation workload,

computational time and storage spaces greatly reduced.
3 Real structure-preserving algorithms for the quaternion LDL" and Cholesky

decompositions

In this section, we generalized the real LDL™ and LL™ decompositions to propose real structure-pre-
serving LDL™ and LL"¥ decompositions on quaternion Hermitian positive definite matrices.
Theorem 417  For an Hermitian positive definite matrix A € Q™ there exists a unique triangular
matrix L € Q™™ with positive diagonal elements such that
A= LL",
The first algorithm we proposed is the real structure-preserving algorithm gLDLH1, which is based
on the quaternion LU decomposition,
Because quaternion matrix A € Q™™ is Hermitian positive definition, the principal square submatri-
cesA;, (i =1,++,m—1) of A are all nonsingular, we have
A=1LU,
in which L is a unit lower triangular quaternion matrix and U is an upper triangular quaternion matrix and
all the diagonal elements of U are positive, When A € Q" is Hermitian positive definite, it satisfies the
condition that the principal square submatrices of A are all nonsingular.
Let D be a diagonal matrix whose diagonal elements are those of U. Then L® = DU, because A is
Hermitian, and so A = LDL",
We take out the first column block of the real representation of A, i. e. , A¥, and implement LDL"
decomposition of A by means of executing the following real structure-preserving algorithm on A¥.
Algorithm 2 (qLDLHI:; The quaternion LDL® decomposition) For a given Hermitian positive defi-
nite matrix A =A; +A,i+A;j+A,k € Q™", the input AA is the first column block of A, i. e. A¥, the out-
put LL is the first column block of the lower triangular quaternion matrix L, and D is the diagonal matrix
such that A = LDLY,
Function: [LL ,D] =qLDLHI1(AA)
B = AA;
m = size(B,2);
for k=1m—1
B(k+1mk+1+m:2%mk+1+2%m:3%mk+1+3%m:dxm], k) =
B(k+1imb+1+m:2*m,k+1+2%m:3xm,kb+1+3%m:4*m],k) = B(k,k);
B{k+1mk+1+m:2%¥mkb+1+2%m:3%xmk+1+3*midxm],k+1:m)=
B((k+1:mk+14+m:2xmk+14+2%m:3%mk+1+3%m:4%mlk+1:m)
— Realp (B(k+1:m,k) B+ 1+m:2 ¥ m,k) ,Bk+1-+2%m:3 %*m,k) ,B(E+ 143 %m:4%m,k))
x B([kk+m,k+2%m, k-3 %m],k+1:m);
end
LL = (il (B(1l:m,:)s — 1) +eve(m); ril(BGn+1:2%my:), —1); tril (B(2m—+1:3%m,:),
— D tril(BB*m+1:4%m,:), — D]
D = diag(diag(B(1:m,1:m)));
end
The second algorithm that we proposed is another LDL® decomposition of A, which is the generali-

zation of the real LDLT decomposition (P. 158, [1]).
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Suppose that A = LDL", and we know the first j —1 columns of L, diagonal elements d, ,**+,d;; for

some j with 1 < 7 <{ m. From
A(lzjyj) = L(lzjal:j)'v(l:j)

with
d\L(j,1)
v(1:j) = _
d;L(jsj— D
d;
we have

-1
V) = dy = AGD — B LG I
and the jth column of L satises
LG+1im, pDv(j) =AG+1im,j) —L(j+1:m,1:j—Dv(l:5— 1.

We implement LDL™ decomposition of A by means of executing the following real structure-preser-
ving algorithm, named qLDLH2, on Af.

Algorithm 3 (qLDLH2: The quaternion LDL" decomposition) For a given Hermitian positive defi-
nite matrix A = A, +A,i+ A;j + A,k € Q™™, the input AA is the first column block of A, i.e. AF, the
output LL is the first column block of the lower triangular quaternion matrix L and D is the diagonal ma-
trix such that A = LDLY,

Function [LL ,D] =qLDLH2( AA )

B = AA;

v= zeros(4*m,1);

B([2:m,2+m:2%m,2+2%m:3%m,2+3%m:dxm],1) =«

B(2:m,24+m:2*m,24+2%m:3*m,2+3%m:4+*m],1)/B(1,1);

for j=2:m

for i=1.5—1

v(lisi+tm,i+2%m,i+3%m],1) =BG, x [B(,D;—BG+m,);—BG+2xm,i);—B(
+3%xm, )];

end

B(;,j) =BG, —[BG,1:j— D, =BG +m,1:j— 1, =BG +2%m,1:j— 1),

—BG+3xm,l:j—D]xov([l:j—1m+1:j—14+m,2%m+1:5—14+2%xm,
3xm+1:j—1+3%m],1;

BUj+1lm,j+1l+m2%myj+1+2%m:3%myj+1+3%mdxm],j) =

B(j+1im,j+14+m:2*m,j+1+2%«*m:3*m,j+1+3*m:4%*m],j)—Realp(B(Gj+1.m,1;
J—1),e

BG+1+m:2*xm,l:5—1,BG+14+2*m:3%m,1:j —1),BG+1+3xmedxm,1l:j—1))e

v([l:ij—1lm+1l:j—1+m2%¥m+1j—1+2%m,3%*m+1:j—1+3%m],1D)/B(,j);

end

LL = [tril(B(1:m,:) s — 1) +eye(m)stril (B(m+1:2%m,:), — 1) ;tril (B2 *m+1:3*ms3:), —
1) ;e

ril(B(3*m+1:4%ms:), — D]

D = diag(diag(B(1:m,:)));

end
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The third algorithm that we proposed is generalization of the real Cholesky decomposition, the

Cholesky decomposition is a quaternion Cholesky decomposition. It can be derived from the partition
Ll bel [
v B E I, 0 B*T 0 I,

We can derive quaternion Cholesky decomposition by repeated application of (3.1). Now, we pro-
pose the following real structure-preserving algorithm qChol, of the quaternion Cholesky decomposition
based on outer product.

Algorithm 4 ( gChol ;: The quaternion Cholesky decomposition) For a given Hermitian positive def-
inite matrix A = A, + A,i+A;j+ A,k € Q™, the input AA is the first column block of A, i. e. AF, the
output LL is the first column block of the lower triangular quaternion matrix L such that A = LL¥,

Function LL. = ¢Chol (AA)

B = AA;

for k=1:m

B(k,k) = sqgrt (B(k,k));
B((k+1imk+14+m:2%*mk+1+2%xm:3%xmk+1+3%mid*xm]k) =
B((k+1imk+14+m:2%«*mk+1+2%xm:3%xmk+1+3%m:d*m],k)/B(k,k);

C = Realp(B(k+1;m,k),Bk+14+m:2%m,k),B(k+1+2%m:3%*m,k),B(k+1-+3x%m:
4dxm,k));

Ct=C;

B(k+1msk+14+m:2xmk+1+2%m:3%mk+1+3%xmdxm]b+1:m) = o
B(k+1msk+1+m:2%mk+1+2%xm:3%mk+1+3xmidxm],kb+1:m)—CxC(:,
l.m—Fk);

end

LL = zeros(4 * m,m);

LL([2:m,2 4+ m:2*m,2+2%m:;3%m,2+3xm:dxm],1lim—1) =[tril(BQ2:m,1:m—1)) ;-

ril(Bm—+2:2%m,1l:m—1));tril(BQ*m+2:3%m,1:m—1));tril(B3*m+2:4%m,1l.:m—
)75

LL(1:m,;) = LL(1:m,:) +diag(diag(B(1:m,:)));

end Table 1 Computation amounts and assignment

We list the real computational amounts and the as- numbers for gLDLHI,qLDLHZ and qChol
signment numbers of above algorithms for A € Q™™ in realops assignment numbers
Table 1. In this Table, we can see that the real compu- 323ma o2
tational amount of qLDLH2 is half of gLDLH1, but the , ,

. . . LDLH2 16m m + 3m
assignment number of qLDLH2 is much higher than 3 2
gLDLH1 and qChol. Because in qLDLH1 and qChol, we qChol 163”’3 sl

m

can use high-level operations at each step of computa-

tions, while in qLDLH2, we can not compute v(1:5,1) with high-level operations.
4 Comparison of the real structure-preserving algorithms with QTFM for the
quaternion Cholesky decomposition

In this section, we provide numerical examples to compare the effieiency of the above three real

structure-preserving algorithms qLDLH1, qLDLH2, qChol with real structure-preserving algorithm in
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[6](named RSP of [27]) and QTFM on array 14 ; v ; =
A T_qLDLHI
sizes of 10k X 10k for k = 1:50. All these | O ocLDLE2 -
computations are performed on an Intel Core i7- - :l::%(;}fl’()lﬂz] *
2600 @ 3. 40 GHz/8 GB computer. The version 10F *  *——lu of Quaternion Taolbox ** .
of Matlab used is R2013a. E **
g 8 ]
Example Fora = 103k = 1:50,m = ak, < .
£ *
we use the function ‘rand’ in Matlab to obtain ; 61 ** 1
d *

four matrices whose elements are evenly dis-
tributed in interval (0,1), We use these matri-

ces as real and three imaginary parts of a qua-

ternion matrix B, then A = BB" to guarantee A

is Hermitian positive definite, We perform the

k=1:50 (matrices sizes:10k*10k)

quaternion Cholesky decomposition of A and

. Fig. 1 CPU times for the Cholesky decomposition
compare the CPU times and errors of the real g y P
structure-preserving algorithms and QTFM for performing

the quaternion Cholesky decomposition,

From Fig. 1, we observe that, the CPU x 107 , : , }
times of all the four real structure-preserving 4 TqLDLHI
G o——qLDLH2
algorithms are superior to that of QTFM. 25} +  +——qChol 1
. . h-~RSP of 2]
When the sizes of the matrices are large, the % *—_lu of Quaternion Toolhos o
CPU time of gLDLHI1 is almost the same as 2 o |
L . E
that of qChol, which is about two third of that £ OOOO
. = 1.5} © b
of gLDLH2, one third of that of RSP of [2] % «F
£ o .
. . g o~ %
and one fifth of that of the function ‘lu’ of A OOOO - Z‘&/T\‘}xX
. . . O pHTTT
Quaternion toolbox, respectively. In Fig, 2, OoOO . %@é‘«ﬁsfg
. o) g e
we observe that the Frobenius norm of LL®-A of 0.5+ L@M@f‘ﬁﬁ .
. A.y'\-.*—' '
gLDLH1, qChol, RSP of [2] and the function Ak
1 . PRTEL , ‘ ,
lu’ of Quaternion toolbox are almost the " 10 20 0 20 50
. . . k=1:50 ices sizes:10k*10k
same, while that of qLDLH2 is about twice of (matrices sizes )
that in the other four algorithms, Therefore, Fig. 2 errors(F norm) for the Cholesky decomposition

both algorithms qLDLH1 and qChol are most efficient.
Remark We do not find the function of Cholesky decomposition in QTFM, the comparison in Ex-

ample is performed between the real structure-preserving algorithms and the function ‘lu’ in QTFM,

5 Conclusions

In this paper, we generalized the real LDL® and LLT decompositions, and proposed real structure-
preserving algorithms of LDL® and LL™ decompositions for quaternion Hermitian positive definite matri-
ces. We compared these real structure-preserving algorithms with the structure-preserving algorithm
proposed by Wang and Mal™ and Quaternion Toolbox for Matlab in terms of computational time and ac-

curacy. Numerical experiments are provided to demonstrate that the gLDLH]1 and qChol are most efficient.
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