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Abstract In this paper, we investigate the existence of positive solutions for eigenvalue prob-
lems by the fixed point index theory. Our result improves and extends many recent results.
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1 Introduction

In this paper ,we consider the eigenvalue problem to the following second order dynamic equation:
(pDu* @+ 28D fGule®))) =0, & ], g))

with inhomogeneous boundary conditions

au(0) — B linlp(t)uA(cr(O)) =0,

(2
yu (1) — 6 limp(u*(c(1)) = 0.

1

where J: =[0,1] ) Tand T C Ris an arbitrary bounded time scale such that min T = 0,max T =
(1), and @,B3,7,0 == 0, and it satisfies the following property:

. Js(l) AT aé\ 0
p—ﬂ}"#d)’o P(?’)+ > 0.
We always assume that the following hypothesis holds
oD
(A p:[0,6(1)] - (0, + ) is rd— continuous function on T', andJ p?—tt) < w0,
0

(1)
(A g:[0.0(DT [0, +0)og € LL[0.0(DT. and 0 < [ Gt g()as <+ oo,
furthermore, there exists ¢,d € [0,5(1)] such that
d
J g(s)As >0,

(A5) f(tyu):[0,6(1)] X (0, +0) = [0, + o) is continuous.
For every t;1 ., € T such that# < t, and for every x € Li([t1:t,) () T) we denote

sz(s)As = J x(s)As,
(520 NT

4t
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as AC([t;,;) N T) the class of absolutely continuous on [#,%,) (| T, which are precisely those for

[ 2 ,Theorem 4. 1] R and

which the Fundamental Theorem of Calculus for Lebesgue A- integrable functions holds
we remark that they satis{y the integration by parts formula [ Theorem 2.3
Equation (1) and (2) describe many phenomena in the applied mathematical sciences, which can be
found in the theory of nonlinear diffusion generated by nonlinear sources, in thermal ignition of gases
and in concentration in chemical or biological problems where only positive solutions are meaningful, see
[2,8,10,13]. In the continuous case equation (1) and (2) (here=§=0) is investigated by the authors'*,
For the special case as follows with p(¢z) = 1 and f(t,u) = f(w),
u (1) +2Ag (D) fule(®)) =0, t € (0,1), (3

1 consider the existence of positive solutions of Eq. (3) with the conjugate bound-

Chyan and Henderson®®
ary value condition «(0) = u(s(1)) = 0, or the right focal boundary value condition #(0) = »*(g(1))
= 0.

They obtained excellent results.

When p(t) = 1,g(t) =1, the existence of positive solutions of Eq. (1) and (2) has been studied in
[4] by using a fixed point theorem in a cone due to Krasnoselskii’'?, they proved that Eq. (1) and (2)
has a positive solution where A belongs to some open interval. The results in (4] generalize the main re-
sults in [5].

We remark that by a solution « of (1) and (2), we mean thatu:[0,6°(1)] > (—o0, 4+ ), u satisfies
(1) on [0,1] ) T and u satisfies (2). We further remark that if u is a nonnegative solution of Eq. (1) —
(2), pWu* (1) < 0, then we will say u is concave on [0,5°(1)].

In this paper, we improve on previous results in several ways. We consider Eq. (1) and (2) when
g(t) has singularities at t = 0 and t = ¢(1). The existence of positive solutions for Eq. (1) and (2) is ob-
tained by using a fixed point index theory under weaker conditions than those in [4,5]. Our results are
often new even when g(#) is continuous.

This paper is organized as follows. we first introduce some preliminaries in section 2, then we state

our main results in section 3.

2 Preliminaries

In order to discuss Eq. (1) and (2), we first give some definitions of a measure chain, see[1,3,127.

Definition 1 A measure chain T is a closed subset of the set R of all real numbers. We assume
throughout this paper that T has the topology that it inherits from standard topology on R. The mapping
os0: T — T defined as 6(#) = inf{s € T:s >t} and p(z) = sup{s € T:s > t} are called jump operators.

If 6(z) >t,t € T, we say tis right-scattered. If p(z) <1,z € T, we saytis left-sattered. lf o(2) =
t,t € T, we say t is right-dense. If p(z) = ¢,z € T, we say t is left-dense.

Definition 2 Ifr,s € T U {+ w, — o}, <s, then an open interval (», s) in Tis defined by

(rys): = {t € Tir <t <s).

Throughout this paper we make the assumption that [a,b] as [a,b] [ Tifa,b6 € R,a < b.

Definition 3 Assume that f/:T— Rand fixz € T (if t = sup T , we assume ¢ is not left-scattered).
Then f is said to be differentiable atz € T, if there exists a# € R, such that for any e > 0 there exists a
neighborhood N of ¢ satisfying | f(e(£)) — f(s) —0(c(t) —s) | <Le| o(t)—s|,¥s € N.

In this case, @is called the A- derivative of fatz € T, and denote f*(z) = 4.

It can be shown that if f: T — R is continuous att € T, then
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(i) it is continuous at each right-densetz € T,

(i) it is continuous at each left-denset € T.
Definition 4 If F*(z) = f(¢), then we define J[f(r) Ar = F(t) — F(a), it can be shown that iff: T

— R is continuous at ¢ € T and ¢ is right-scattered, then

A _ @) — f@)
FO="="0=r

Note that if T = Zthen f2(t) = Af(W): = fGu+1) — f(O),
if ¢ is right-dense, then
£ = lim 2SO

s s— 1t

b
also an integralJ h () At can be defined. In particular, if 7= R then f*(t) = f'(¢), and

ﬁmomzj}QMz

is the Riemann integral. If T = Z and a < b are integers, then

5 =1
J R(OAL = D h(D).
Next we gather together some results from the literature that will be needed in Section 3. similar to
the proof of Erbe and Peterson™®”, we show that the Green’s function for the boundary value problem
(pWu*@)) =0,
_atl; A —
Jafu(O) Blmlp(t)u (e(0)) =0, 1)

=0

{Vu(l) — o limp(Du*(e(1)) =0,

1

is the following function

1 S OAr (1) Ar
—(pta| DGy [T R0 < s<r <o),
G(t,s) = (4

1 i3 Ar (1) Ar )
;w+aLp09®+7ﬁ A0 << oD,

In order to abbreviate our discussion, we list some assumptions on m,G(¢,s), f and so on as fol-

lows:

(CHE: =min{t € T:t =c} andw: = min{t € T:t< d} both exist and satisfyc <L <L w < d,
where c¢,d are defined in (A,).

(C,) m = min{d, ,l}, where

ol vl

dy = mi o1 Pi:), <D Ay » 0<dy < 1,
o7 ftal
o p(» o p(r
and
o . G(a(w) 95)
L i Gl

(C;)Let m; = (min JMG(t,s)g(s)Asf1 yM;, = ( min JU(DG(t,s)g(s)As)il.

e<t<n J & 0o

(C,) There exist nonnegative constants maxf, ,minf, ,maxf, ,minf,such that

. tott . L. . tyu
maxfo: = limsup max [&uw) sminf,: = liminf min ftu) ,
oot t€[0,0(1)] u w0t t€[0,0(1)] u
. tyu . L . tyu
maxf,: = limsup max [w) ,minf,: = liminf min M

w0 e [0,0(1] u oo t€[0,6(1D] u
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Remark 1 For condition (C,), if maxf, = minf, = «,maxf, = minf, = 0, then f is said to be
sublinear,

Lemma 1 Suppose that G(z,s) is defined as in (5) , then the following results hold

1D G(t,) < GG (5),s) fort € [0, (1] and s € [0,6(1)],

(1) G(t.s) = mG(s(s),s) fort € [&,w]ands € [0,6(1)],

where m is defined as in (C,).

Remark 2 By Lemma 1, it is easy to see

w oD
0 << minJG(t,s)g(s)As<oo,O< min J G(t,5)g(s)As < 0.
g

i< o<ra(D J 0
Hence m, ,M; which are defined as in (C,) exist.
Let X; = {u:[0,6°(1)]—=R}, for allu € X,uis continuous, then X is a Banach space with the norm
|l = sup | «(® |. Defined a subset of X, K = {u € X:u(t) =0, € [0,6 (1)],m1n | w(t)

t€00,6° (D] <o

|=Zmll ul}.
Then K be a cone in a Banach space X and let K, = {z € K: || z|| <7}.dK, ={x € K: || x| =
riand K, g = {x € K:r<C || 2 || <R}, where0 < r << R <+ 0.

Define an operator A by
(1)
Aw) (D) =AJO G(t.9)g(s) f(ssu(o(s))) As. 6

It is well known that u € X is a positive solution of Eq. (1) and (2) if and only if u is a fixed point
of the operator Ain K .

Lemma 2 Under the hypotheses (A;)-(A;), the map A defined in (5) is a compact map, and AK
C K.

Proof Let D C K be bounded, i.e., ||« || <L forallu € D and someL > 0, Let

M = max{ f(s,u):0 <l u<{L}. It is clear that if « € D, we have

o(1)
I Aul =2 sup J G(tr9)g(s) f(s,u(o(s)) As
0 (D 4 0
(1) (7)
<M sup J G(tr5)g(s) As <+ o0,
oto” (1D ¥ 0

So A(D) is uniformly bounded.
Next we prove that | (Au)*() | € LL1(0,6(1)) foru € D. In fact, foru € D.

K

a A L
At =22 L(ﬁﬂjop( > p(t)g(s)f(s,u(a(s)))As

a (1) o(1) Ar
+;j[ <a+yﬁ_ e ))p(t)g(a)f(s,u(d(s)))As\

&

o © Ar
<X L(ﬂ+ J 2 p(t)g(s)f(s,u(d(s)))As

A (1) a(1) Ar
J (6‘+7Js p())p(t)g(s)f(s,u(a(s)))As

+
< q(t),

in which

. i (1) o(1) Ar s Ar
a0 = - J (6+yJS 25 p(t)g(s)As+ J B+ a J 25 p(t)g(s)As, 9

and
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From (6) and (7), we get
2a

Therefore, for any 0 <{ #; <<, <<

t s Ar
Azf B+ f e

Jo v tae= [ 2
+ (1) At Ja(l) (é\—’_ ’ij( ) p( )

P
a(1) l 5 (1) 1
J o) ))g(s)ASJS (t)At

Ar(,B-l—aJ e ))g(s)As

(1) J‘y(l)

o(1) o(1)
J e >Ma+yﬁ. e

J:
[
+fm 2oty v m)g(s)AsJ 5
- 1
J:

+

ZJM) AR yp()

;(B+QJ:(1)p() Js )m

o(1)
— j G(o(s) +5) g(s) As

o b))
o<J | (A (D) | AL < oo,
4]

6 (1),u € D, we have

| Au(tl) *Au(tz

i)
JS eas

Vg(s)As

J”z (Au>A<t>At‘<f2 | (Aw)* (D) | At

1D

(12)

By the absolute continuity of the integral and (6)and (7), it is easy to find that A(D) is equicontin-

uous. From the Ascoli-Arzela theorem, A(D) is relatively compact

Next if u € K, it follows from (i) of Lemma 1 that
(1)
Au(t) = AJ G(t29)g(s) f(srula(s))) As
0

(1)
<AL“ G(s,9)(s) f(sru(a(s))) As,

thus
(1)
I Au | </\Jo G5, g() f(s,uo(s))) As,

If u € K, then by (4), (11) and (ii) of Lemma 1

minAu(f) — aj( G(t,5) () fs,ula(s))) As
elr<la
> m f G(o(s)+5)g(s) F(s,ula(s))) As
=ml Aull ,

and

o(1)
> ma J;l GCs.9) () F(s,ula(s))) As

=m|Aull ,

Thus Au € K, if u € K, and hence, AK C K.

(1)
Auo(e)) = A JO“ Go(w) ) g(s) (s, u(a())) As

(13

14

(15)

(16
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Finally, we prove that A is continuous. It is easy to see [10] that || u, — u | — 0 implies that
e = sup | flssu,(a(D)) — f(s,ulc())) |>0, an
s€[0,0(1)]

as n — oo. This together with [10, Theoreml. 4. 3(iii) ] gives fort € [0,6°(1) ],

(1)
| Au, () —Au(z) |=| AJO G(t,9)g(O[f(s,u,(a(s))) — f(s,ula(s)))As | (18

(1)
< A sup J G(,s)g(s)As,
0

e [0,6" (1]

It follows from that Lebesgue’s theorem that
| Au, — Au || — 0, (19)

as n — oouniformly int € [0,6°(1) ], which shows that A is continuous. Hence we can conclude that the
operator A is a compact map. This completes the proof.

We shall need the following well—known result (see, for example, Theorem 12. 3 in [12]).

LetK, = {z € K: |z || <r},dK, ={z € K: |z =r}andK,x = {x € K:r<< | z|| <R},
0<<r<R <.

Lemma 3 Let K be a cone in a Banach space X and A: Ky — K a compact map. Assume that the fol-
lowing conditions hold

D Az || < |zl forz € 3 Kg,

(i1) There exists e € dK, such that x %= Ax + e for x € dK,and A > 0. Then A has a fixed point in
K, k.

The same conclusion remains valid if (i) holds on 9K, and (ii) holds on dKg.

3 Main results

In this section, by using Lemma 3 we will establish the existence of one positive solution of Eq. (1)
and (2).
M,

M
minf, ~ minf,

Theorem 1 Assume that (C,)-(C,) hold, if minf, > 0,maxf, < o,

» Then for any

m M,

minf, maxf,

A€ ( ), Eq. (1) and (2) has at least one positive solution «* (z) which belongs to K.

Proof First, we show that
lAuw |l < lull s« € 9K,. (20)

my M,
minf, maxf,

For alla € ( ), then maxf, << A%, there exists r > 0,e0 > 0,M; — ¢, > 0

such that £(z,u) < %(M1 U< %(Ml e 0<u<
For every u € dK,, we have

o(1)
| Au | = maxjAJo G(t,)g(s) fCsula(s))) As

te[0,0(1)

a(1)
<%(Ml —¢&,)7r max AJ G(,s)g()As
o

te[0,0(1]

o(1)
< r—egr max J G(t,s)g(s)As

e [0,0(1D] J O
<r=|ul.
Hence (20) is satisfied, i. e. , the condition (i) of Lemma 2 holds.

Next by % <A, there exists 9 > mr,e; > 0 such that f(z,u) = %(ml Fedu, u= 1.



12 LTI SN e S QSRR )

Choose R = max{m™* pr+ 1}, then we have minu () =m | u| = ps for u € IKg.

EKr<e

Lete =1, thene € dK,, we prove that u % Au + e, u € Kz and p > 0.
In fact, if not, there are yo > 0 and u, € Ky such that u, = Au, + poe.
Let o = min{u() :£ <t << 5}, we have

uo (1) = Auo (1) + poe

(1)
= 276980 s ruta() 85+ e
> (m, +51>QJZG<r,s>g<s>As+#o

> 0+ ) +el¢f:c<z,s>g<sms

>0+ pos
which contradicts the definition of g. It follows from Lemma 3 that A has a fixed point «* (¢) in
e, r<<|lu" || <R,u" () =00n[0,62(1)].
Next, we prove u”™ (t) > 0,£ € [0,6°(1)]. For anyt € [0,6°(1)],
w' (£ = Au” (1)

=
2
=

o(1)
_ AJOI Gtr9)g() fsru* (0())) As

(1)
> m J G(o(s) ) g(s) F(sru® (6(s)))As

ZmlAu || =m|w | >0.
This completes the proof.

my M,
min minf,

Theorem 2 Assume that (C,)-(C,) hold, if minf, > 0,maxf, < o, . Then for any

ny M

—2 "Ly, Eq. (1) and (2) has at least one positive solution «* * (z) which belongs to K.
minf, maxf,

A€ (
M,

min f0 maxf,

Proof Firstly, A € ( ), then maxf, << ]\fl , there exists R, > O,e; > 0,M; —e;, > 0.

such that

Flw < %(Ml —eDu, u>R,.

Choose ¢ = max{ f(£,u):0 << u, << Ry}, then

) < gt i — e () € [0,62(1D] X [0,R, .
M
Choose Ry > (&, /. then for any u € JR;, we have
(1)
lAul = sup AJ G(tr)g(s) F(srulo(s))) As
tef0,67(1] YO

o(1)
<A[¢+%<Ml—eo>||u||] max j G(tr5)g()As

tef0,2 DIV
— R, — (&2 _9
R, (Mle maxfw)
<Ry = |ull.
Hence the condition (i) of Lemma 3 holds.
M,

< min f,. By the definition of minf,, there existse; >0,
fO max foo

Secondly, for allA € (
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0 << r; << R; such that

50
minfo

+e& <fo-

Hence for 0 < u < ry, we have f(t,u) = (% + ;) u. Similar to the proof of Theorem 1, we have

u 7= Au + pefor u € IK,, and x>0,
in which e is defined as in Theorem 1. It follows from Lemma 3 that A has a fixed point u™ * (z) inm,
Leyrs << lu™ || <Rysu” () =00n[0,5°(1)]. Similar to the proof in Theorem 3, ™ * (¢) is a posi-
tive solution of Eq. (1) and (2). This completes the proof.

Remark 3 In the proof of Theorem 1 and 2 one of the key steps is to find the functione. We note
that it seems to be difficult to prove the theorem by using norm-type cone expansion and compression
theorem in [4].

Remark 4 As fis suplinear or sublinear, for any 0 <A <40, Eq. (1) and (2)has at least one posi-

tive solution which belongs to K.

g(l) , similar to the existence results of the previous sec-

Ipr=1l.g)=1,c= —cr(l) d= 1

tion, we can get the following two Theorems

Theorem 3 Assume that (C,)-(C,) hold, if

14 4
. m M
minf, > 0,maxf, <Oo’minfw minfo’
, . w -1 , . s(1) -1 m/l ]\4/2
wherem';y = (min | G(,5)As) ,M; = ( min G(t,s)As) . Then for anyx € (— ,
<o J g orc (1) 4 0 minf, maxf,

Eq. (1) and (2) has at least one positive solution.
Theorem 4 Assume that (C,)-(C,) hold, if
mll Mlz
‘minf, ~ minf,’

minf, > 0,maxf, <
- M,
mmfo maxf,
Remark 5 In Theorem 3.1 of [4],the interval
1 1

’

M(minf,) maxJ G(t,s)As maxf, JlG(t,s)As

<

Then for any A € ( ), Eq. (1) and (2) has at least one positive solution.

/
is contained in the interval ( M, ) in Theorem 3. Theorem 3.2 in [ 4], the interval
nfoo ma fO
1 1
’ 1
{M(mmfo) maxj G(t,s)As maxf, J G(t,8) As
<o 0
is contained in the interval ( f me ) in Theorem 4. And also in our condition the function
0 a ©

g may vanish identically on [0,c¢] and [d.s°(1)]. So our results generalize the main results in [4,5].
Remark 6 If T=R,X=1, the results in [15] is one of the special case in this paper. Another, as
T =R,3=8=0, the main results in this paper can reduce to the results in [9,14]. Hence our paper ex-

tend some recent results.
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